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ABSTRACT. We construct a factorization homology of orbifolds, modelled as
separated étale stacks on the category of smooth manifolds. This extends
the definition of factorization homology of smooth manifolds introduced as
topological chiral homology in [Lur]. We prove that factorization homology of
orbifolds satisfies a notion of excision analogous to that introduced in
for stratified spaces.
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1. INTRODUCTION

We begin with a high-level explanation of factorization homology as it applies
to smooth or topological manifolds. We then introduce orbifolds, and explain the
main results of this thesis: an extension of factorization homology to orbifolds, and
a proof of its main property: excision. We conclude the introduction by explaining
some limitations of our approach, proposing future directions of study, and by
surveying related work.

1.1. Factorization homology of manifolds. The underlying topological space
of a smooth manifold is locally homeomorphic to Euclidean space R™. The goal
of factorization homology of manifolds is to exploit this local structure to establish
global invariants of manifolds. Factorization homology was introduced by Lurie
as topological chiral homology and developed by Ayala, Francis and Tanaka
for topological manifolds [AF15] and for stratified spaces [AFT16], [AFT17].

The input of the theory is a disk algebra A with values in a symmetric monoidal
oo-category V®E| Loosely speaking, A specifies a choice of object A(R™) of V€ for
Euclidean n-space, and for each open embedding of finite disjoint unions LI;R™ <

LI;R™, it specifies a map
Q) AR™) — R AR
i J

in V®. Furthermore, A is required to be locally constant: the open embeddings
R™ < R™ are required to be sent to equivalences in V. This can be summarised
as follows: the input A: Disk,, — V® is a locally constant algebra of symmetric
monoidal oco-categories, where Disk,, has objects finite disjoint unions of R", as

IThe symmetric monoidal oco-category V® is required to be ®-presentable, which roughly
means it is presentable and its tensor product commutes with colimits in each variable.
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maps open embeddings, and obtains a symmetric monoidal structure from disjoint
union. The output of factorization homology on a manifold M, suggestively denoted

/A€V®,
M

is to be understood as a sort of gluing of the algebraic information provided by
applying A to the open disks openly embedded in M. When V¥ is chain com-
plexes with direct sum, factorization homology recovers ordinary homology. For
coefficients in spectra, factorization homology recovers generalised homology.

We can more precisely define factorization homology as a symmetric monoidal
left Kan extension of A along the inclusion Disk, < Man?°. Here Man_° is the
symmetric monoidal co-category of n-manifolds and open embeddings with disjoint
union. The pointwise formula for Kan extensions makes formal the intuition that
factorization homology glues the values of A on open disks in M:

/ A ~ colim(Disk,,p; — Disk,, 2 V).
M

Instead of starting with a locally constant disk algebra A: Disk, — V%, Ay-
ala and Francis set up a symmetric monoidal co-category Disk,, which has as
objects the finite disjoint unions of R", as morphisms the open embeddings, and
as higher morphisms the (higher) isotopies of open embeddings. They then prove
that disk algebras A’: Disk,, — V® are equivalent to locally constant disk algebras
A: Disk,, — V®, [AF15, Remark 2.20]. Factorization homology of A’ can then be
defined as a symmetric monoidal left Kan extension of A" along Disk,, — Man,,,
where Man,, also has isotopies of open embeddings as higher morphisms. Setting
up factorization homology from this point of view is crucial in the proofs of excision
given in [AF15)], [AFTI16).

1.2. Excision for manifolds. One of the main properties of factorization homol-
ogy of manifolds, which is the main justification for calling it a homology theory, is
a version of excision. To state it, we need the notion of a collar-gluing of a manifold
M. This is a map f: M — I :=[—1,1] that is a trivial fiber bundle with fiber M,
when restricted to the interior (—1,1) € I. For such a decomposition of M, we
denote by M_ the open submanifold f~![—1,1) and by M, the open submanifold
fH=11)

Given a symmetric monoidal functor F': Man, — V%, the object F(My x
(—1,1)) can be viewed as an associative algebra object in V® by transferring the
gluing map

(MO X (7171)) U (MO X (71a 1)) - MO X (717 1)
along F. Similarly, F(M_) and F(My) can be viewed as right and left modules

over F(My x (—=1,1)), respectively. We say that F satisfies excision if for any
collar-gluing M — I, the value of F' on M is the relative tensor product

FMy~F(M-) @  F(My).
F(Mx(—1,1))

In [AF15, Lemma 3.18], Ayala and Francis prove that factorization homology of
topological manifolds satisfies excision for any choice of disk algebra.
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1.3. Orbifolds. The goal of this thesis is to define factorization homology for orb-
ifolds, which are a generalisation of manifolds. Instead of spaces that locally look
like Euclidean space, orbifolds locally look like Euclidean spaces equipped with lin-
ear actions of finite groups. A first approach to representing these ‘local building
blocks’ would be to consider the quotient space R™/G of a finite group G acting
linearly on R™. This representation is quite coarse: points where the isotropy sub-
groups are non-trivial (i.e. points which are fixed by some g # 1 € G) are not
distinguished from points where the action is free.

For an example, consider the action of Z/nZ on R? given by rotation by 27/n.
The quotient space is homeomorphic to R?, but the projection R? — R?/(Z/nZ)
is not naturally a smooth map. The problem is at 0 € R2?, which has non-trivial
isotropy subgroup: it is fixed by every k € Z/nZ. This yields a singularity of order
n in the quotient space, which can be thought of as a cone with vertex 0.

To avoid throwing away the information encoded by non-trivial isotropy sub-
groups, we can consider the action groupoid G x R™ of a linear action of G on R™,
where the source and target maps G x R®™ = R" are given by projection to R and
application of the group action, respectively. We can think of an orbifold as a Lie
groupoid that ‘locally looks’ like G' x R™. It turns out that the proper étale Lie
groupoids are of this form (we make this precise in Proposition , and we thus
define orbifold groupoids to be proper étale Lie groupoids. This point of view was
developed by [MP], we refer the reader there for more details.

There is one more step in setting up the theory of orbifolds: producing a category.
Viewing orbifolds as groupoids, this should be a 2-category. It turns out that the
2-category of Lie groupoids and smooth functors is not well-behaved: fully faithful
and essentially surjective smooth functors may not have smooth inverses. These can
be inverted to produce a category in which they are equivalences; this is set up in
[Pro96]. We instead consider the classifying stack BG associated to a Lie groupoid
G. This is a space-valued sheaf on the category of smooth manifolds Man. It
turns out that the fully faithful and essentially surjective smooth functors become
equivalences when passing to classifying stacks, so we can view orbifolds as those
stacks that are equivalent to classifying stacks of proper étale Lie groupoids in the
oo-category of stacks Shv(Man). This is proven in [Pro96], see also [Ler09]. We
discuss viewing orbifolds as stacks in Section

1.4. Factorization homology of orbifolds. In the co-category Shv(Man) there
is a notion of maps that are open embeddings (see Section , we call these open
substacks. We thus obtain the oco-subcategories ODisk?® and Orb?® spanned by
the orbifold n-disks [R™/G] (coming from the action groupoids G x R™) and by the
n-orbifolds, respectively, with as maps the open substacks. Our first step toward
defining factorization homology for orbifolds is to construct new co-categories which
contain, in the higher morphisms, applicable notions of isotopies of open substacks.
We carry out this construction in Section [5] yielding co-categories ODisk,, and
Orb,, of orbifold n-disks and m-orbifolds, respectively. Our approach is via the
enriched co-categories developed in [GH15] (see Section. The idea is to first set up
a category of orbifolds enriched in stacks: we define an embedding stack Emb(M, N)
between any two orbifolds that contains the open substacks and (higher) isotopies
between them. Next, we apply a shape functor I, : Shv(Man) — 8 to these
embedding stacks. We can think of I1, as computing the homotopy type of a stack.
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This yields a space I, Emb(M,N') of morphisms between any two orbifolds, and
thus ordinary oco-categories ODisk,, and Orb,,.

In Section [6] we endow the oo-categories ODisk,, and Orb,, with symmetric
monoidal structures coming from the coproduct in Shv(Man). Given an algebra
A: ODisk,, — V%, we can then define factorization homology of orbifolds as a left
Kan extension along ODisk,, — Orb,,, recovering the definition for manifolds as a
special case. For an orbifold M, we obtain the formula

/ A ~ colim(ODisk,, \ — ODisk 4 Ve).
M

In Section |7, we show that this left Kan extension defines a symmetric monoidal
functor Orb,, — V.

1.5. Excision for orbifolds. Our main result is that factorization homology of
orbifolds satisfies a version of excision analogous to that for manifolds. Via the
restriction map Shv(Man?) — Shv(Man) from stacks on manifolds with boundary
to stacks on manifolds, we can view the closed interval I as a stack on Man. We
define an orbifold collar-gluing to be a map f: M — I € Shv(Man) that restricts
to the projection My x (—1,1) = (—1,1) when pulling back along the inclusion
(—=1,1) — I. We show in Section [§| that given a collar gluing f, the factorization
homology of M decomposes as a relative tensor product

/ A A A,
M M_ My

fMUx(—l,l) A

where M_ = f~1[-1,1) and M, = f~!(—1,1]. Our approach adapts the proof of
excision given for smooth manifolds and stratified spaces in [AFT16]. In their proof,
Ayala and Francis use configuration spaces as topological models of the mapping
spaces Emb(L;R™, M) of open embeddings. The intuitive idea is that when working
up to isotopy, one can shrink a disk to a point without losing information about
how this disk is embedded in a manifold. In the case of orbifolds, we do not have
access to such topological models, but the intuition is unchanged: we should still
be able to shrink an open substack [R"/G] — M without changing it up to isotopy.
We make use of this idea in Proposition [8.5] which is the main place in which our
proof of excision differs from that of Ayala and Francis.

1.6. Related work. It is conjectured in [AFT17, Conjecture 1.5.3] that orbifolds
can be viewed as stratified spaces. To our knowledge this remains unproven, and
we are not sure whether giving a stratification of an orbifold and applying the
factorization homology of [AFT16] agrees with our notion of factorization homology
of orbifolds.

Factorization homology has been developed for manifolds equipped with a G-
action, under the name of genuine equivariant factorization homology, in [Hor19],
and as factorization homology of global quotient orbifolds in [Weel8]. The papers
differ in setup, but both restrict to a manifold on which a group acts globally, as
opposed to considering general orbifolds, which are defined by groups acting locally.

1.7. Limitations and future work. In this work, we do not consider an orb-

ifold analogue of a framing of a manifold, nor how it interacts with factorization

homology. This is one of the main ways Ayala and Francis do computations for
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factorization homology of manifolds, so this limits our ability to translate their
computations to the orbifold case.

In both [AF15] and in [AFTI16], Ayala and Francis show that the symmetric
monoidal functors Man, — V® that satisfy excision come, up to equivalence,
from factorization homology of disk algebras. We suspect a similar result might
hold for symmetric monoidal functors Orb,, — V®. Ayala and Francis also derive
a non-abelian version of Poincaré duality (JAF15, Theorem 3.24]). Extending this
result to orbifolds was the original motivation for this work, but it depends on
characterizing symmetric monoidal functors satisfying excision as obtained from
factorization homology, so we do not attempt to set this up here.

1.8. Acknowledgments. I thank my supervisor Gijs Heuts for suggesting the
topic of this thesis, and for his patience and insight in many conversations. Thanks
to Lennart Meier for his work as second reader. I am grateful to Rune Haugseng,
Branko Juran, Ieke Moerdijk, and Vignesh Subramanian for helpful discussions.
Thanks also to Matthijs, Rob, Jonathan and Splinter for providing feedback on an
early draft of the introduction, and to Chris, Jacco, Jonathan, Matthijs, Rens, Rob,
Splinter and Wouter for both the helpful and the fun chats. Thank you, Sanne, i
gracies, pare i mare.

2. STACKS, DIFFERENTIABLE STACKS, AND ORBIFOLDS

In this section we introduce the standard definitions of stacks on differentiable
manifolds and explain how orbifolds can be defined in this context. We closely
follow Bastiaan Cnossen’s PhD thesis [Cno23l Chapter 11.2], in which the theory
of differentiable stacks is developed directly in the context of space-valued sheaves.
We summarize the definitions and results we will need in this section in order to
keep this work self-contained.

2.1. Stacks on smooth manifolds.

Definition 2.1. We will denote by Man the 1-category of smooth Hausdorff man-
ifolds with smooth maps between them. For simplicity, we will assume that the
dimension of each connected component in a manifold is the sameﬂ We put the
Grothendieck topology on Man in which a sieve on a manifold is a covering sieve
iff it contains a covering consisting of jointly surjective open embeddings.

Definition 2.2. Let U be an open cover of a smooth manifold 7" by manifolds.
Consider the disjoint union U := [[;;.,,U. The Cech nerve of U is the simplicial
manifold

Uy = (.. Uxp Uxr U3 Uxr U= U)
that at degree n is given by the (n + 1)th fiber product of U over T with itself.

Definition 2.3. A presheaf F' € Fun(Man®?, S) is called a sheaf if for each smooth
manifold 7" and each open cover U of T', the map F(T') — lim F(,) is an equiva-
lence.

Definition 2.4. The oco-category of stacks, denoted Shv(Man), is the full subcat-
egory of presheaves Fun(Man®? 8) spanned by the sheaves. We will refer to an
object X € Shv(Man) as a stack on smooth manifolds, or just as a stack.

2This differs from [Cno23, Definition 2.1.1], where the dimension is allowed to vary across
connected components.
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Remark 2.5. The oo-category Shv(Man) is an oo-topos. In particular, it is Carte-
sian closed, with the mapping stacks Map(X,)) defined on a test manifold T' by
Map(X, Y)(T) := Maps(X x T, ).

Remark 2.6. Open covers on Man define a subcanonical topology, so that by
the Yoneda embedding, we can view any smooth manifold as a stack. We will use
the notation M € Shv(Man) for M a smooth manifold. The Yoneda embedding
preserves finite limits, and by descent it preserves arbitrary coproducts.

Remark 2.7. The category of smooth manifolds Man does not have all pullbacks.
However, when one of the maps in a pullback diagram is a submersion, then the
pullback does exist ([Cno23| Proposition C.9]). This motivates the following defi-
nition of representability of maps in Shv(Man).

Definition 2.8 (|Cno23, Definition 2.1.4]). Let f: X — ) be a map of stacks on
smooth manifolds.

(1) The map f is called a representable submersion if for each map ¥ — Y
from a smooth manifold Y, the pullback X xy Y is a smooth manifold and
the induced map & XY — Y is a submersion of smooth manifolds. If each
induced map & xy Y — Y is also surjective, then we call f a representable
surjective submersion.

(2) We say f is representable if for each smooth manifold ¥ and each repre-
sentable submersion Y — Y, the pullback & xy Y is a smooth manifold.

Notice that a map of smooth manifolds is representable as a map of stacks, and it
is a representable (surjective) submersion of stacks if and only if it is a (surjective)
submersion of manifolds.

2.2. Differentiable stacks. The notion of stacks developed in the previous section
is quite general. We will now consider the class of differentiable stacks, which can
be thought of as sorts of ‘quotients’ of manifolds, and as such share many desirable
properties with manifolds themselves. It makes sense that our notion of a ‘manifold
quotient’ should be more general than a manifold: the quotient space of a manifold
by the action of a Lie groupoid is in general not a manifold.

Definition 2.9 ([Cno23| Definition 2.2.1]). Let X be a stack on smooth mani-
folds. A representable atlas on X is a representable surjective submersion X — X
from a smooth manifold X. A stack that admits a representable atlas is called a
differentiable stack.

2.2.1. Local properties of maps.

Definition 2.10. A map f: X — Y of smooth manifolds is an open embedding if
it is both an injective immersion and an open map. It is a closed embedding if it is
both an injective immersion and a closed map.

We have the following two closely-related definitions in the case of stacks.

Definition 2.11. A representable submersion of stacks f: U — X exhibits U as
an open substack of X if, for every smooth manifold M and every map M — X,
the pullback M xxy U — M is an open embedding of smooth manifolds.

Replacing open with closed in the above definition gives a closed substack.
6



Definition 2.12. A representable morphism of stacks f: U — X is a representable
open embedding if for every representable submersion X — X, themapUx X — X
is an open embedding of smooth manifolds.

Remark 2.13. Representable submersions and open substacks are closed under
arbitrary pullbacks. That is, if X — ) is a representable submersion (open sub-
stack) and ) — Y is any morphism of stacks, then the map X xy ) — Y isa
representable submersion (open substack).

The potential for confusion from the similar-looking Definition and Defini-
tion is alleviated in the case of differentiable stacks by the following proposition.

Proposition 2.14 ([Cno23| Lemma 2.4.4]). Let f: U — X be a map of differen-
tiable stacks. The following are equivalent:

(1) The map f exhibits U as an open substack of X.

(2) The map f is a representable open embedding.

Proposition 2.15 ([Cno23| Lemma 2.4.3]). Let f: X — Y be a map of differen-
tiable stacks. The following are equivalent:
(1) The map f is a representable submersion of stacks.
(2) For each representable submersion Y — Y from a manifold Y, the map
X xyY =Y is a smooth submersion of manifolds.

Definition 2.16. A representable morphism of stacks f: X — ) is called proper
if for every representable submersion ¥ — ) the induced map X xy Y — Y is a
proper map.

Definition 2.17. A representable morphism of stacks f: X — Y is called a local
diffeomorphism if for every representable submersion ¥ — )Y the induced map
X xyY — Y is a local diffeomorphism of manifolds.

2.2.2. Lie groupoids give rise to differentiable stacks. We have described a differen-
tiable stack as being a sort of quotient of a manifold X, in the sense that we have a
representable surjective submersion X — X. Another way to model such quotients
is via Lie groupoids. These two perspectives agree, as we will recall in this section.

Definition 2.18. A Lie groupoid G := (G; = Gy) is a groupoid such that both
G1 and Gy are smooth manifolds, all structure maps are smooth, and the source
and target maps are surjective smooth submersions.

From any Lie groupoid we can construct a differentiable stack, and indeed all
differentiable stacks can be constructed in this way up to equivalence of stacks.

Definition 2.19 (|Cno23, Definition 2.3.1]). The nerve of a Lie groupoid G =
(G1 = Gy) is the simplicial object N(G): A°? — Man given by iterated pullbacks
of G over Gy:

G1 X Gy Gl X Go G1 § G1 X Go Gl 3 G1 :; Go.
Definition 2.20 ([Cno23| Definition 2.3.2]). Let G = (G1 =% Gy) be a Lie groupoid.

Its classifying stack BG € Shv(Man) is the colimit of the diagram

A% Y9 Nan Shv(Man).

Lemma 2.21 ([Cno23, Lemma 2.3.3]). Let G be a Lie groupoid. The map Go — BG
is a representable atlas for BG, so that BG is a differentiable stack.
7



Proposition 2.22 ([Cno23| Corollary 2.3.8]). Every differentiable stack X € Shv(Man)
is equivalent to the classifying stack BG of a Lie groupoid G.

Example 2.23 ([Cno23| Example 2.3.5]). Let G be a Lie group acting smoothly on
a manifold M € Man. The source and target G x M = M given by s: (g,m) — m
and t: (g,m) — g - m define a Lie groupoid G x M, called the action groupoid
associated to the action of G on M. We will denote the classifying stack B(G x M)
by [M/G].

The following lemma will be central to our proof of excision for factorization
homology on orbifolds, c.f. Proposition [8.5

Lemma 2.24. Let G be a Lie group acting smoothly on U, M € Man. Let ¢: U —
M be a G-equivariant open embedding of manifolds. The induced inclusion of action
groupoids G x U < G x M induces a map of differentiable stacks [U/G] — [M/G]
that exhibits [U/G] as an open substack of [M/G].

Proof. This is a special case of [Cno23| Lemma 3.6.4], because G x U is isomorphic
to the pullback groupoid ¢*(G x M) defined in [Cno23, Example D.7]. O

2.3. Orbifolds as separated étale stacks. Manifolds are topological spaces that
‘look locally like Fuclidean space’. We will now consider a class of differentiable
stacks that we will think of as ‘looking locally like quotients of Fuclidean space’ by
linear actions of finite groups. These will be what we will call orbifolds. To build
some intuition for this perspective, we will start by considering Lie groupoids that
look locally like quotients of Euclidean spaces.

Definition 2.25. A Lie groupoid G := (G1 = Gy) is called proper if the map
(s,t): G1 = Gog x Gy is a proper map. A Lie groupoid G is called étale if the source
and target maps s and ¢ are étale maps, i.e. local diffeomorphisms.

Definition 2.26 ([Ler09) Definition 2.21]). Given a Lie groupoid G := (G1 = Gj)
and an open set U C Gy, the space s~1(U)Nt~1(U) is an open submanifold of Gy,
and restriction to this space of arrows gives a Lie groupoid with space of objects
U. This is the restriction of G to U and is denoted G|y .

The following proposition says that proper étale Lie groupoids are locally quo-
tients of Euclidean space by linear actions of finite groups.

Proposition 2.27 ([Ler09, Proposition 2.23]). Let G be a proper étale Lie groupoid.
For any point x € Gq there is an open neighborhood U, of x so that the restriction
G|y is isomorphic to an action groupoid G, x U, = U,, for G, a finite grou;ﬂ,
Moreover, we may take U to be an open ball in Fuclidean space centered at 0 and
the action of G, to be linear.

Remark 2.28. At this point, the reader might wonder why we do not define orb-
ifolds to be proper étale Lie groupoids and work in the 2-category of Lie groupoids
with smooth functors. The reason is that in this category, fully faithful and essen-
tially surjective smooth functors are not necessarily invertible by smooth functors.
One fix is to invert these functors, which are called Morita equivalences. This is
standard in the orbifold literature, see [Pro96], [MP]. It turns out that applying the
classifying stack of Proposition and working with the resulting differentiable

3This means there is a smooth functor f:Glu, = Gz x Uz with smooth inverse.
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stacks in Shv(Man) sends Morita equivalences to equivalences of stacks and thus
accomplishes the same goal. For more on the relationship between Lie groupoids
and differentiable stacks, see for example [BX0§|, in particular Theorem 2.26, or
[Ler09).

We could now apply Propositionand define an orbifold to be a differentiable
stack that is equivalent to BG for G a proper étale Lie groupoid. We choose to
give a definition via properties of differentiable stacks; Proposition [2.31] says both
approaches coincide.

Definition 2.29 ([Cno23| Definition 3.3.1]). A morphism f: X — Y is called
separated if its diagonal

Aft X = X Xy X
is a proper morphism of stacks. A stack is separated if the map X' — * is separated.

Definition 2.30 (|[Cno23, Definition 3.3.4]). A differentiable stack M is called
étale if it admits a representable atlas M — M that is a local diffeomorphism. An
orbifold is a separated étale stack.

Proposition 2.31 ([Cno23| Example 3.3.5]). The classifying stack of a proper étale
Lie groupoid is an orbifold in the sense of Definition[2.50; conversely, every orbifold
is equivalent to the classifying stack of a proper étale Lie groupoid.

Remark 2.32. Let M be an étale stack. Then any two representable atlases
M, M’ = M are manifolds of the same dimension, since the projection maps M X r
M — M'" and M x oy M’ — M are local homeomorphisms. We can thus define the
dimension of an étale stack as the manifold dimension of a choice of atlas.

Definition 2.33. We let Orb,, denote the full subcategory of Shv(Man) spanned
by the orbifolds of dimension n.

The following proposition, a counterpart to Proposition [2.27] recovers the intu-
ition that an orbifold should ‘locally look like a quotient of R™ by the action of a
finite group.’

Proposition 2.34. Let M be an orbifold of dimension n. There exists a collection
of finite groups G;, each acting linearly on R™, and corresponding open substacks
[R™/G;] < M, such that the induced map

| J®"/Gi] - M

i
is an effective epimorphism.

Proof. From [Cno23, Theorem 3.7.2] we obtain a collection of open substacks
R™/G;] < M. The induced map p: | |,[R"/G;] = M is a representable sub-
mersion by universality of colimits in Shv(Man): for any test manifold Y — M,
the induced map | |,[R™/G;] x pm Y — Y is a submersion of manifolds because each
map [R"/G;] xpm Y — Y is an open embedding of manifolds and thus a submer-
sion of manifolds. By [Cno23, Remark 2.1.6], the representable submersion p is an
effective epimorphism if and only if it is a representable surjective submersion. So
let y € Y be a point. We get a map {y} — Y — M, and by [Cno23| Theorem
9



3.7.2], there is a corresponding diagram
{0} —— {y}
R"/Gi) xmY —— Y
[R"/G;] «— M,
where {0} — [R™/G,] is the point corresponding to 0 € R™. O

Definition 2.35. An orbifold n-disk is a stack equivalent to [R™/G], for G a finite
group acting linearly on R™. We let ODisk,, denote the full subcategory of Orb,,
spanned by the finite disjoint unions of orbifold n-disks.

3. ENRICHED 0co-CATEGORIES

In this section, we recall the setup of enriched co-categories developed by Gepner
and Haugseng in [GHI5]. Our exposition closely follows theirs, and we do not
reproduce proofs. We aim instead only to state the definitions and results we will
need later on to construct enriched co-categories of stacks and orbifolds and to
produce from these honest co-categories via change of enrichment.

3.1. Non-symmetric co-operads.

Definition 3.1 (J[GHI15L Definition 2.2.3]). A morphism ¢: [n] — [m] in A is inert
if p(i) = #(0) + i for each i = 0,...,n, and active if it preserves the endpoints, i.e.
if $(0) = 0 and ¢(n) = m. We denote the inert morphism [1] — [n] given by the
inclusion ¢ — 1,7 < [n] by p; for i =1,...,n.

Definition 3.2 ([GH15, Definition 2.2.6]). A non-symmetric co-operad is an inner
fibration 7: O — A°P such that:
(1) For every inert morphism ¢: [m] — [n] in A° and every & € Oy, there is
a m-coCartesian morphism X — ¢ X over ¢.
(2) For every [n] € A°P the functor Op,) — (Opj)*" induced by the m-coCartesian
arrows over the inert maps p; is an equivalence of co-categories.
(3) For every ¢ : [n] — [m] in A°? and J € Oy, composition with the
coCartesian arrows ) — ); over the inert morphisms p; gives an equivalence

Map$ (¥, ) = [ Map°? (X, 1),

where Map?g(é’(, Y) is the subspace of Mapy, (&X', )) of maps above ¢ € A°P.

Definition 3.3 (|[GH15, Definition 2.2.10]). A morphism of non-symmetric oo-
operads O to P is a commutative diagram

0 ! P
A°P
such that f carries coCartesian morphisms in O that map to inert morphisms in

A°P to coCartesian morphisms in P. We will also call such a morphism O — P
10




an O-algebra in P. We get an oo-category Alg,(P) of O-algebras in P by taking
the full subcategory of Fun,ae» (O, P) spanned by the morphisms of non-symmetric
operads.

Definition 3.4 (J[GH15, Definition 2.2.13]). A monoidal co-category is a non-
symmetric oo-operad V® — A°P that is also a coCartesian fibration.

Definition 3.5 ([GHI5| Definition 2.2.14]). For V® and W® monoidal co-categories,
a map of non-symmetric operads V® — W is called a lax monoidal functor. A lax
monoidal functor that preserves all coCartesian morphisms is a monoidal functor.

Remark 3.6. By |[GH15, Remark 3.1.5], expanded upon in [GHI5| Section 3.2],
there is a natural map c: A°? — Fin, that can be used to pull back symmetric co-
operads and symmetric monoidal co-categories to non-symmetric co-operads and
monoidal co-categories, respectively.

Definition 3.7 ([GH15, Definition 3.2.7]). There is an co-category Opd’: of non-
symmetric oo-operads. Given two non-symmetric oo-operads O and P, the space of
maps Mapg, gns (O, P) is the subspace of Map/Aop((’),P) given by the components
corresponding to inert-morphism-preserving maps.

Definition 3.8 ([GHL5, Definition 3.6.1]). Let O be a non-symmetric oco-operad.
There is a functor (Opdy:)°P — Cats sending a non-symmetric oo-operad P to
Algr(0O). We define

Alg(0) — Opd™

to be a Cartesian fibration corresponding to this functor.
3.2. Generalised non-symmetric co-operads.

Definition 3.9 ([GHI5, Definition 2.3.1]). We let AR be the subcategory of A°P
spanned by the inert morphisms. We denote by G* C AP the full subcategory
spanned by [0] and [1], and by Q[%]/ the pullback (A{R)(,); X aoe G2 consisting of
inert maps from [n] to [0] and [1].

Definition 3.10 ([GH15, Definition 2.4.1]). A generalised non-symmetric co-operad
is an inner fibration 7: M — A°P such that:
(1) For every inert morphism ¢: [m] — [n] in A°? and every &' € M, there
is a m-coCartesian morphism X — ¢ X over ¢.
(2) For every [n] € A°P the functor
Mn—> lim Miﬁ./\/ll X Mg “ " XM Ml
[n] - ilegs,, [4] (1] (o1 (o] 7V [1]
induced by the coCartesian maps over the inert maps in g@] / is an equiv-
alence of co-categories.
(3) For every morphism ¢: [n] — [m] in A°® and Y € M), composition with
coCartesian morphisms Y — ), over the inert morphisms a: [m] — [i] in
g[én |, gives an equivalence

Map§,(X,Y) = lim Map}i® (X, Ya),

*€Gfny,

where Mapi/l (X,Y) denotes the subspace of Map ,(X,)) of maps above
¢ € AP,
11



Definition 3.11 ([GHI15, Definition 2.4.2]). A morphism of generalised non-symmetric
oo-operads M to N is a commutative diagram

M ! N
A°P
such that f carries coCartesian morphisms in M that map to inert morphisms in

A°P to coCartesian morphisms in A/. We will also call such a morphism M — N
an M-algebra in N.

Definition 3.12 ([GH15, Definition 2.4.3]). A double co-category is a generalised
non-symmetric oo-operad M — A°P that is also a coCartesian fibration.

Definition 3.13 (|[GH15, Definition 3.2.9]). There is an co-category Opdga®™"
of generalised non-symmetric co-operads. Given two generalised non-symmetric
oc-operads M and N, the space of maps Mapgqus.zen (M, N) is the subspace
of Map,pep (M,N) given by the components corresponding to inert-morphism-
preserving maps.

Proposition 3.14 ([GH15, Corollary 3.2.14]). The inclusion Opdn: — Opdn>&™"
has a left adjoint

Lgen: Opdi>®™™ — Opdy .

Definition 3.15 ([GHIL5, Definition 4.1.1]). Let ¢ denote the inclusion {[0]} — A°P.
Right Kan extensions along i give a functor i, : Cats, — Fun(A°P, Caty,). If C' is
an oo-category, we write A2 — AP for a coCartesian fibration corresponding to
the functor ¢, C.

Definition 3.16 ([GH15, Remark 4.1.5], [GH15, Remark 4.1.6]). There is a fully
faithful right adjoint

A((’E): Cato, — Opd5>&"

to the functor Opdi>®®" — Cat,, that sends a generalised non-symmetric oo-
operad M to its fibre Mo at [0].

3.3. Categorical algebras in monoidal co-categories.

Remark 3.17 (J[GHI5, Remark 4.1.2]). For an oo-category C, the simplicial cat-
egory i,: A°? — Cat, of Definition has at i.([n]) the product C*"*1 face
maps the projections, and degeneracies the diagonals.

Lemma 3.18 ([GH15, Lemma 4.1.3]). Let C be an co-category. The coCartesian
fibration AZ — A°P of Deﬁm’tion is a double oo-category.

The following description is discussed in the text of [GH15| after Definition 2.3.4
and before Definition 2.4.5.

Remark 3.19. For S € Set a discrete space, the double co-category A — A°P
admits an intuitive description: the oo-category A is the nerve of a 1-category.
Its objects of A" are nonempty sequences (Xo, ..., X,) of elements X; € S. There
is a unique morphism (Xo,..., X,) — (Xg@),---,Xp(m)) out of each sequence
(Xo,...,Xp) for each ¢: [m] — [n] in A.

12



In the general case S € 8§, AY is an oo-category with fibers (Ag)p,) ~ S
The objects of AY are thus the nonempty sequences (X, ..., X,,) of objects X; € S.
Above ¢: [m] — [n] in A is the coCartesian morphism

(X0, Xn) = (Xp(0)s -+ - » Xo(m))-

A map ([n], (Xo,...,Xn)) = ([m], Yo,...,Yn)) over ¢ is given by a point in the
mapping space

Mapgm+1((Xp(0)s - - Xom))s (Yo, - Ym)) 2 [ [ Maps(Xg(), Vo).
i=0
Definition 3.20 ([GH15, Definition 2.4.5]). Let S € S be a space and V¥ — A°P

a monoidal oco-category. A categorical algebra in V with space of objects S is a
A -algebra in V.

Definition 3.21 (|[GH15, Definition 2.4.9]). Let V¥ — A°P be a monoidal oo-
category, and let C: AY — V¥ and D: A7® — V® be categorical algebras in V,
with object spaces S,T € §. A V-functor from C to D consists of a morphism of
spaces f: S — T and a natural transformation C — f*D, where f*D denotes the
composite

AP
AP Ly AP By,
Definition 3.22 ([GHI15, Definition 4.3.1]). Let V¥ — A°P be a monoidal co-
category. The oco-category Alg.,.(V) of categorical algebras in V is defined by the
pullback square
Algcat(v) — Alg(V)

| l

§ — - Opd™.
Lena?) P00

Remark 3.23. By [GHI5, Remark 4.3.2] there is an equivalence Alg;,__ Aor (V) =
Algacp (V) for every space S. The objects of Alg.,(V) are thus categorical algebras
in V in the sense of Definition and the functors are V-functors in the sense of
Definition [3.21]

Remark 3.24. The objects of Alg.,,(V) are sometimes called V-enriched oo-
categories in |[GH15]. We will reserve this terminology for the objects of the oco-
category CatY, which [GHI5] construct as a localization of Alg,,.(V) at the fully
faithful and essentially surjective functors, and which we explain next.

3.4. Fully faithful and essentially surjective functors. Let V¥ — A°P be a
monoidal co-category. The unit of V determines an essentially unique associative
algebra object I,: A°P — V® ([GHIS, Proposition 3.1.18]). Notice that this is a
categorical algebra in the sense of Definition for the space S = *.

Definition 3.25 ([GH15| Definition 5.1.6]). Let S be a space. The trivial categor-
ical algebra in V with objects S is given by the composite
AP - AP v,y

We denote this categorical algebra by Eg, or simply by Eg when V is clear from
context.
13



Remark 3.26 (|[GHI5, Remark 5.1.7]). Consider the trivial categorical algebra E™
associated to the set {0,...,n}. This is the enriched oo category associated to the
category with objects S and a unique morphism i — j for every i,5 € {0,...,n}.
The categorical algebras E™ assemble into a cosimplicial categorical algebra FE*°.
Let C be a categorical algebra in V with space of objects X. For n = 0, we have
EY = I, and a map E° — C of categorical algebras is the same as a choice of point
in X, by [GH15, Lemma 5.1.2]. For n = 1, we call a map of categorical algebras
El — C an equivalence in C (c.f. [GHI5, Definition 5.1.8], [GHIH, Proposition
5.1.15)).

Definition 3.27. Let V¥ — A°P be a monoidal co-category. Let F': C — D be
a V-functor between categorical algebras in V', and let S and T be the spaces of
objects of C and D, respectively. The V-functor F is:

e fully faithful if the maps C(X,Y) — D(FX, FY) are equivalences in V for
all X,V € S:
o essentially surjective if for every point X € T there exists an equivalence

E!' — D from X to a point E° — C L D in the image of F.
3.5. Categories enriched in monoidal co-categories.

Theorem 3.28 ([GH15, Theorem 5.6.6]). Let V¥ — A°P be a monoidal oo-
category. There is a full subcategory Catl}O of Alg...(V) such that the inclu-
sion CatY, — Alg.,.(V) has a left adjoint L exhibiting CatY, as a localization
of Alg,.. (V) with respect to the fully faithful and essentially surjective functors.

Definition 3.29. A categorical algebra A? — V® that is in CatY, is a complete
categorical algebra. We will call the complete categorical V algebras V-enriched
0o-categories.

As noted in Remark the term V-enriched oo-categories is sometimes used
in [GH15] for categorical algebras in V, Gepner and Haugseng sometimes use the
term complete V-enriched co-categories for objects of Catgo. Our nomenclature
agrees with more recent work on enriched oco-categories, such as [Hei23).

3.6. Change of enrichment. The next lemma allows us to take a category en-
riched in V®, and produce a category enriched in W® by means of a lax monoidal
functor V® — W,

Lemma 3.30 (|[GHI5| Lemma 4.3.9]). The construction Alg.,.(V) is functorial in
V with respect to lax monoidal functors of monoidal co-categories.

Lemma 3.31 (J[GHIS, Lemma 5.7.5]). If ¢: V® — W® is a lax monoidal functor,
then the induced functor

¢* : Algcat (V) - Algcat (W)

preserves fully faithful and essentially surjective functors.

Proposition 3.32 ([GHI5, Corollary 5.7.6]). The construction CatY, is functorial
in YV with respect to lax monoidal functors of monoidal co-categories.

Remark 3.33. Given a lax monoidal functor ¢: V¥ — W®, the change of enrich-
ment functor ¢, : Cat?jo — Catl/ov of Proposition is the composite

Cat?, < Alg_, (V) 25 Alg,,, (W) 22 Cat?,
14



as noted in the proof of [GHI5, Lemma 5.7.7].

Remark 3.34. Let C € Alg.,,(V) be a categorical algebra in V¥ a monoidal co-
category, and let ¢: V® — W® be a lax monoidal functor. By (the proof of)
Theorem the unit map C — LC € Alg.,,(V) is fully faithful and essentially
surjective. By Lemma ¢4C is, up to equivalence in Catovg, the same as local-
ising C and then applying ¢, : Cat& — Catg.

3.7. Symmetric monoidal structures on enriched oco-categories.
Proposition 3.35 ([GH15, Corollary 5.7.12]). Let V be a symmetric monoidal

oco-category. Then the symmetric monoidal structure on V makes Cat}j0 into a
symmetric monoidal co-category.

Definition 3.36. Let Pres,, be the co-category of presentable co-categories and
colimit preserving functors. There is a symmetric monoidal structure on Pres,
constructed in [Lur, Proposition 4.8.1.15]. Maps A ® B — C out of the tensor
product of two presentable co-categories correspond to functors A x B — C that
preserve colimits separately in each component. A presentably monoidal co-category
is an associative algebra object in Presg.

Remark 3.37. The inclusion Pres,, — Cat., induces a lax symmetric monoidal
functor Pres® — CatX, by [Lur, Corollary 4.8.1.4].

Proposition 3.38 (|[GH15, Corollary 5.4.5]). Let V be a presentably monoidal
oo-category. Then Catgo is presentable.

Corollary 3.39. Let V be a cartesian symmetric monoidal oco-category that is

presentably monoidal. The symmetric monoidal structure on Catl}O induced via
Proposition is Cartesian.

Proof. In the text immediately after [GH15| Proposition 3.6.14], Gepner and Haugseng
construct an exterior product

B4 Algcat(A) X Algcat(B) — Algcat ('A X B)

for any two monoidal co-categories A and . Denote now the product functor in ¥V
by p: ¥V xV — V, which is right adjoint to the diagonal A: V — V x V. By [GH15,
Lemma 4.3.19], we obtain an adjunction

A*: Algcat(V) = Algcat(V X V) Hos -

As noted in the proof of [GHI15 Proposition 5.7.14], the tensor product of C,D €
Alg .. (V) is given by u.(C ¥ D). Let £ € Alg,,(V). By adjunction, we have an
equivalence

MapAlgcat(V) (5, o (C X D)) ~ 1\/[8413A1gcat (VxV) (A*g, CX D)
Consider the functors
T, Mot Alge (V x V) — Alg,, (V)

induced by the projections 71, m: V x ¥V — V. By the proof of [GHI5, Lemma
5.7.10], we have a chain of equivalences

MapAlgcat(VXV) (A*g, CKX D)
~ MapAlgcat(V) (7717* A*g, C) X MapAlgcat V) (7'('17*A,k(‘:7 D)
~ Mapyyg, (1) (€:C) X Mapyyg  1)(€,D)
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showing that the tensor product in Alg.,, (V) is the Cartesian product of categorical
algebras. The inclusion Catl}O is right adjoint, so that if C and D are in Cat};07
their product in Alg,,, (V) computes the product in Cat.. The tensor product of
the V-enriched oo-categories C and D is the localization of the tensor product in
Alg,..(V), which is thus also the product. O

Proposition 3.40. Let ¢: V® — W be a laz symmetric monoidal functor. The
induced functor ¢, : Cat‘o}(;® — Catl/g’® is lax symmetric monoidal.

Proof. This is a special case of [Law23, Theorem 1.1]. O

3.8. Graphs of categorical algebras.

Definition 3.41 ([GH15, Definition 4.3.3]). Let V be a monoidal oo-category. Let
Fy — 8 be the Cartesian fibration associated to the functor & — Cat., defined
by the assignment S — Fun(S,V). The oco-category of V-graphs is the total space
of the Cartesian fibration defined by the pullback

Graph (V) — Fy

| |

S —F S,
where A: & — 8§ is the functor defined by the assignment S +— S x S.

Notice that the fiber of the Cartesian fibration Graph (V) — S above a space
S is Fun(S x S,V). One can forget some of the structure of a categorical algebra
to end up with a graph on the underlying space.

Remark 3.42 ([GHI5, Remark 4.3.4]). There is a forgetful functor 7*: AlgA(ép V) —
Fun(S x S,V) and a functor 7: Fun(S x 5,V) — Algaor (V) which assemble into
an adjunction

F: Graph (V) & Alg.,.(V): U.

Lemma 3.43 (|[GHI15, Lemma A.5.5]). The forgetful functor 7*: AlgAcép(V) —
Fun(S x S, V) is conservative.

Our main use of the category of V-graphs will be in pullback computations.
These are easy to compute in the fibers Fun(S x S,V), and it turns out we can
compute any pullback by replacing it by one inside a fiber.

Proposition 3.44. Let F': A — B be a Cartesian fibration of co-categories. Sup-
pose B has pullbacks, that each fiber A, has pullbacks, and that the Cartesian
transport functors preserve pullbacks in the fibers. Then the oco-category A has
pullbacks, and F preserves them.

Proof. Let x — y < z be a span in A. Compute the pullback £ of

F(z) — F(y) < F(z)
16



in B. Choose cartesian lifts of the maps £ — F(z), £ — F(y) and £ — F(z),
yielding a solid diagram

Take the pullback p in A¢, denoted in the diagram with the dashed arrows. By the
dual of [Lur08, Proposition 4.3.1.10], the fact that the Cartesian transport functors
preserve pullbacks implies that p is an F-pullback. But F'(p) is a pullback, so p is a
pullback by [Lur08, Proposition 4.3.1.5(2)]. Now p is also a pullback of the original
span  — y < z, by immediate application of [Lur08, Proposition 4.3.1.9].

O

Remark 3.45. The proof of Proposition gives a recipe for computing pullbacks
in A.
(1) Given a span z — y + z in A, compute the pullback £ of
F(z) — F(y) < F(z)
in B.
(2) Use Cartesian lifts to produce a span

Te — Yg < Z¢

in A¢ and compute its Ag-pullback p. This is also the pullback of the
original span in A.

Corollary 3.46. LetV be an co-category with pullbacks. The co-category Graph (V)
has pullbacks and the Cartesian fibration Graph (V) — S preserves them. More-
over, pullback diagrams in Graph._ (V) can be computed by pulling them back to a
fiber.

Proof. Since V has pullbacks, so do the functor categories Fun(S x S, V), and the
Cartesian transport functors are given by composition. [l

4. LEFT MODULES OVER ASSOCIATIVE ALGEBRAS

In this section we recall how some of the theory of left modules over associative
algebras developed in [Lurl, Chapter 4.2] is used by [Hei23] to provide an alternative
model of enriched oco-categories. We will in particular be interested in computing
products in the various categories of left modules that [Hei23] makes use of. This
will be of later importance in Section [6] when we construct commutative algebra
objects of Catl}o with its Cartesian symmetric monoidal structure. We closely
follow [Hei23].

4.1. Left tensored oco-categories.

Definition 4.1 ([Hei23, 1.2.4]). Let S be an oo-category and & C Fun([1],S5) a
full subcategory. A functor ¢: C — S is a coCartesian fibration relative to £ if the
pullback ¢’: [1] xg C along any functor [1] — S corresponding to a morphism of
€ is a coCartesian fibration and the projection [1] xg C — C sends ¢’-coCartesian
morphisms to ¢-coCartesian morphisms.

17



Definition 4.2 ([Hei23| Notation 11.1]). Let S be an co-category and £ C Fun([1], S)
a full subcategory. Let Catio /s C Caty /g be the subcategory spanned by the co-
Cartesian fibrations relative to £ and functors over S preserving coCartesian lifts
of morphisms in £.

Definition 4.3 ([Hei23, Notation 3.1]). A morphism in A°P preserves the mazimum
if it corresponds to a map [m] — [n] in A sending m to n.

Definition 4.4 ([Hei23| Notation 3.25, Notation 3.27]).

e Denote by Cat [/xoo the subcategory of Cat.,/acr spanned by the co-
Cartesian fibrations relative to the inert morphisms preserving the maxi-
mum and functors over A°P preserving their coCartesian lifts, as in Defini-
tion

e Let V® — A°P be a coCartesian fibration relative to the inert morphisms
preserving the maximum. We denote by Catgno‘”‘/’;@) the subcategory of
Cat,,/ys of coCartesian fibrations relative to the collection of coCarte-
sian lifts in V® of inert morphisms of A°P that preserve the maximum.

e Denote by Ca Zg;’ﬂf,p the subcategory Cat.,/aor spanned by the coCarte-
sian fibrations and functors preserving coCartesian lifts of maps in A°P.

e Let V® — A°P be a generalised monoidal oo-category. Define Catgg%%
to be the subcategory of Cat,/ye spanned by the coCartesian fibrations

relative to the coCartesian lifts in V.

Definition 4.5 ([Hei23, Definition 3.11]). Let V® — A°P be a generalised nonsym-
metric oo-operad. Let ¢: M® — V® be a map of coCartesian fibrations relative to
the collection of inert morphisms of A°P that preserve the maximum. We call ¢ an
oo-category weakly tensored over V if the following conditions hold:

(1) For every n > 0 the map [0] =~ {n} C [n] induces an equivalence
® ® ®
My = Vi *ye M-

(2) Forevery X,Y € M® lying over [m], [n] € A°P, the coCartesian lift Y — Y’
of the map [0] ~ {n} C [n] in A induces a pullback square

MO(X,Y) —— M®(X,Y")

| |

VE(B(X),d(Y)) — VE(o(X), o(Y")).

Note that ¢: M® — V® is an object of Cat});¢. Indeed, we have an equivalence
Cat [\ e ~ (Cat Ao ) ve, see the proof of [Hei23, Proposition 3.32]. We denote
by wLMody, the full subcategory of Catg“oa/’ﬁm spanned by the co-categories weakly
tensored over V.

Notation 4.6. Let M® — V be an oco-category weakly tensored over a generalised
nonsymmetric oo-operad V® — A°. We will write M := Mo and think of it as
the oco-category of objects of M®. We view V as acting on M.

Definition 4.7. Let V® — A° be a monoidal co-category. An oo-category
¢: M® — V® weakly left tensored over V ezhibits M as left tensored over V

if ¢ is a map of coCartesian fibrations over A°P, i.e. if ¢ is a map in Cat‘ég?a&f)p.

cocart

Again by the proof of [Hei23| Proposition 3.32], we have an equivalence CatZo Ve =~
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(Catggjagﬁp) Jv®, 50 we define LMody as the full subcategory of Catggcﬁfé spanned
by the oco-categories left tensored over V.

Remark 4.8 ([Hei23| Remark 3.30]). Let V¥ — A°P be a monoidal oo-category.
There is an equivalence LMody ~ LMody,(Cat,) between the co-category of Def-
inition and the oco-category of left V-modules defined by Lurie in [Lur, Remark
4.2.1.21].

Proposition 4.9. Let f: A — S and g: B — S be coCartesian fibrations relative
to a full subcategory & C Fun([1],.S). Then their Caty-fiber product in AxgB — S
is a coCartesian fibration relative to &.

Proof. The map (f,g): Ax B — S x S is a coCartesian fibration relative to £ x £.
Let [1] — S be an arrow in £. Consider the pullback squares

(AxgB)xg[l] —> AxsB —— AxXB

L

[1] X S xS,

where the bottom right map is the diagonal. Using the outer rectangle, we see that
the map ¢': (Axg B) xg[1] — [1] is a coCartesian fibration. We need to check that
the map (A xg B) xXg [1] = A xg B sends ¢’-coCartesian arrows to ¢-coCartesian
arrows. The composite (A xg B) xg [1] = A x B sends ¢’-coCartesian arrows to
(f, g)-coCartesian arrows. We conclude by noting that arrows in A Xg B mapping
to (f, g)-coCartesian arrows are ¢-coCartesian arrows. O

Proposition 4.10. Let V& — A°P be a generalised nonsymmetric oo-operad. The
oo-category Cat 5o has products computed in Caty, ye. Similarly, the full sub-
category w LMody C Catij}),e has products computed in Caty,/ye.

Proof. The first part follows by Proposition the second is an easy check of the
defining properties of a weakly tensored oco-category. ([

Proposition 4.11. Let V¥ — A°P be a monoidal co-category. The oo-category
Catgg%‘f% has products computed in Cat. ye. Similarly, the full subcategory

LMody, C Catggﬁf& has products computed in Cat . ye.
4.2. Modules as models of enriched oco-categories.

Definition 4.12 ([Hei23, Notation 3.18]). Let V¥ — A°P be an oc-operad. Let
V1,0, V) € VX >~ V), and let W € V), for some n > 0. The space of multi-
morphisms from (Vy,...,V,) to W in V, denoted

Mulv(Vl, .. .,Vn;W),

is the subspace of V®((V1,...,V,), W) spanned by the maps over the active mor-
phism [1] — [n] € A.

Let M® — V® be an co-category weakly left tensored over V, let (Vi,...,V,,) €
V*™ and let X,Y € M. The space of multi-morphisms from (V1,...,V,, X) to Y
in M, denoted

Mulpy(Vi, ..., Vo, X Y),
is the subspace of M®((V4,...,V,, X),Y) spanned by the maps over the morphism
[0] = [n] € A defined by the assignment 0 — 0.
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Definition 4.13 ([GH15, Definition 3.121]). Let M® — V® be an oco-category
weakly left tensored over a nonsymmetric co-operad. A morphism object of X,Y
in M is an object Mora(X,Y) € V together with a multimorphism

a € Muly(Morp(X,Y), X;Y)
such that for any collection of objects Z1,...,Z, in V, the map
Muly(Zy, ..., Zn; Morp (X, Y)) = Mulp(Z1, ..., Zn, X;Y)
induced by « is an equivalence.
Remark 4.14. The map
Muly(Zy,. .., Zp;Morp (X, Y)) = Mulp(Z4, ..., Zpn, X;Y)

in Definition is induced from a composition of maps on mapping spaces, as
follows. Firstly, we obtain a map

VEW(Zy,..., Zy),Morpm(X,Y)) = M®(Z1,..., Zn, X), (Morpm(X,Y), X))
from the pullback square

MO(Zy, ..., Zn, X), Morp(X,Y), X)) —— M®(Z1,...,Z,,X),X)

|

VE(Zy, ..., Zn), Mot p(X,Y)) —— VE((Zy,..., Zn), *)

of Definition the identity map, and the constant map to the coCartesian pro-
jection (Z1,...,Z,,X) — X. Secondly, the map

MO(Zy1, ..., Zn, X), Morp(X,Y), X)) = M®((Z1,..., 2, X),Y)
is induced via composition with & € M®((Morp(X,Y), X),Y).

Definition 4.15 ([GH15, Definition 3.122]). Let M® — V® be an oco-category
weakly tensored over a nonsymmetric oo-operad. If for every pair of objects X,Y €
M there is a morphism object, we say M is enriched in V.

Remark 4.16. In the case of co-categories weakly tensored over a monoidal co-
category, Definition agrees with Lurie’s [Lurl Definition 4.2.1.28], by [Hei23|
Corollary 3.124].

Definition 4.17. Let V® — A°P be a monoidal co-category. Let Cat}jchur be the
full subcategory of wLMody, spanned by the co-categories enriched in V.

Proposition 4.18. Let V® — A°P be a monoidal co-category such that V has finite
products. Then Cat}i;Lur has finite products that can be computed in w LMody.

Proof. Let M, N be enriched in V. Write P® — V® for their product in w LMody,.
We have Py =~ M[g) x N Let X := (Xp, Xn) and YV := (Y, Yr) be in Pyg.
We define the morphism object

Morp(X,Y) := Morp (X, Yar) X Morar(Xar, Yr) € V.

Let aaq and ap be the maps implementing the equivalences for the morphism
objects Mor ¢ (X a1, Yaq) and Morp (X, Yar) in V respectively. Via the projections
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mam: Morp(X,Y) — Morp (X, Yaq) and mar: Morp(X,Y) — Mora (Xar, Yar)
we obtain a map

a € P®((Morp(X,Y), X),Y)
=~ M®((M0r7:'(Xa Y)aXM)7 YM) XV®(M01‘7:(X,Y),*) N®((MOYP<X7Y),X.N.7 YN))

implementing the needed equivalence. (Il

Definition 4.19. Let V® — A°P be a monoidal co-category. A left module
M € LMody (Cat)

is said to have closed left V-action if for any object X of M, the tensor product
functor (—) ® X: V — M has a right adjoint, denoted by Map(X,—): M — V.

Remark 4.20. By [Hei23, Example 3.128], a left tensored co-category M® — V&
exhibits M as V-enriched if and only if the left action is closed.

Remark 4.21. By [Lur, Corollary 4.2.3.3], a small diagram in LMody (Caty)
is a limit if and only if it is a limit in Cats, when composed with the forgetful
functor LMody,(Cat,) — Cato, that sends a left V-module M to its underlying
oo-category.

4.3. An equivalence between models of enriched oco-categories.

Definition 4.22. A monoidal co-category V& — A°P is said to be compatible
with small colimits if V admits small colimits and the tensor product V x V — V
preserves small colimits in each variable.

Theorem 4.23 (|[Hei23, Theorem 1.9]). Let V€ — A°P be a monoidal co-category
compatible with small colimits. There is an equivalence

Cat'™ ~ Cat?.

Corollary 4.24. Let V® — A°P be a monoidal co-category compatible with small
colimits. Let A € CAlg(Cat""") be a commutative algebra object of CatX:™™
viewed as a Cartesian symmetric monoidal co-category. Viewing also CatgO as a
Cartesian symmetric monoidal co-category, the equivalence of Theorem[{.23 yields
a commutative algebra object of Cat‘o}o.

Remark 4.25. Let V® — A°P be a monoidal co-category and suppose V has fi-
nite products. In the previous section we showed that products in LMody, and
in Catl}éLur are computed in Cat,pe. Let A: Fin, — LMody be a commuta-
tive algebra object of LMody with its Cartesian symmetric monoidal structure,
and suppose that A((1)) has closed left action of V. Then A can be viewed as a
commutative algebra object of CatZO’L“r.

Remark 4.26. As a special case of Theorem [4.23] consider an co-topos V. Then,
viewed as a monoidal co-category via the Cartesian product, V is a left module over
itself with closed action. The right adjoints are given by internal homs. The space
of objects of the corresponding V-enriched co-category is the core groupoid of V,
and the mapping objects are the internal hom objects of V, c.f. |[GH15, Corollary
7.4.10].
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5. ORBIFOLDS ENRICHED IN OPEN EMBEDDINGS

In Section [2| we constructed oco-categories Orb,, and ODisk,, of n-orbifolds and
of n-orbifold disks, respectively. These are full subcategories of Shv(Man). We
would now like to construct new oo-categories of orbifolds where the morphisms
are representable open embeddings, and the higher morphisms are sort of isotopies:
homotopies of open embeddings through open embeddings.

In Section [5.1] we will construct embedding stacks, substacks of the mapping
stacks which encode the representable open embeddings between two orbifolds and
the (higher) isotopies between them. In Section we will use these to construct
an enriched category of orbifolds Orbf , with orbifolds as objects and embedding
stacks as mapping objects. In Section we will use the shape functor

II: Shv(Man) — S,
which we can think of as sending a stack to its homotopy type, to change the
enrichment of Orbf to an enrichment in spaces. Since an oco-category enriched in

S is just an oo-category ([GHL5L Theorem 5.4.6]), this yields an honest oo-category
of orbifolds.

5.1. Fiberwise open substacks.

Definition 5.1. Let X,Y € Shv(Man) be stacks. For a given manifold T, a map
f: X xT — Y is called a T-fiberwise open substack if the map

X x T Py

exhibits X x T as an open substack of J x T.

Remark 5.2. Notice that if X xT = ) are equivalent maps in Map(X, Y)(T) € S,
then one map is a T-fiberwise open substack if and only if the other is.

Definition 5.3. Let X', € Shv(Man) be stacks. For each T € Man, let
Emb(X, Y)(T) — Map(X,Y)(T)

be the union of connected components of Map(X', V)(T) spanned by the T-fiberwise
open substacks.

Proposition 5.4. The assignment T — Emb(X, Y)(T) defines a substack Emb(X,))
of the mapping stack Map(X,)).

Proof. We need to show this assignment is a presheaf, and that it satisfies descent
with respect to open covers. Let g: T — T be a map of manifolds. For any
f: X xT — Y, the square

x x 7 P g

l |

X xT —g(ﬁprT yxT

is a pullback, where
h:XxT - XxT—=Y
is a composition of (idx, g) and f. Since open substacks are closed under pullbacks

by Remark [2.13] we see that h is a T'-fiberwise open substack.
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To prove that Emb(X,)) is a sheaf, fix T € Man and let U/ be an open cover of
T. We will show the top horizontal map in the diagram

Emb(X, Y)(T) —— lim(Emb(X,Y)(Us))

[ |

Map(X, Y)(T) —— lim(Map(X, Y)(Us))

is an equivalence. The bottom horizontal map is an equivalence because Map(X, )

is a stack, and the downward maps are monomorphisms by definition of Emb (X, )).

It thus suffices to show that the induced map 7o Emb (X, Y)(T) — m im(Emb(X, V) (U))
is a surjection of sets. Given [f] € 7 lim(Emb(X,)))(U.), we need to show that

the corresponding class [f] € moMap(&X,Y)(T) is actually in 7o Emb(X, YV)(T).

To this end, choose a representative f: X x T' — ). We need to show the map
(f,prp): X xT — Y x T is an open substack. Note that for each U € U, the
restriction X x U — Y is in Emb(X, Y)(U) because the diagram

lim(Emb (X, V)(Us)) —— Emb(X, Y)(U)

| [

Map(X, Y)(T) —=— lim(Map(X,Y)(Us,)) — Map(X,)(U)

commutes. Let M — Y x T be a map from a manifold M. We observe that pulling
back M along the open substack ) x U — Y x T gives an open cover of M. The
result now follows from the fact that open embeddings of manifolds can be checked

on open covers of the target.
O

Proposition 5.5. Let S be the core groupoid of Shv(Man). The embedding sub-
stack construction defines a subfunctor

Emb(—,—): S°° x § — Shv(Man)

of Map(—, —).

5.2. Enriching stacks in fiberwise open substacks. The goal of this section is
to construct a Shv(Man)-enriched oco-category of orbifolds, with mapping objects
the embedding stacks. We begin with two technical propositions that will be crucial
in the construction.

Proposition 5.6. Let C be an co-category and let o: AJ? — C' be a right horn, for
m > 3. Suppose that

foAL T gm o

is a monomorphism. Then o admits a filler A™ — C', and the space of such fillers
is contractible.

Proof. That a filler exists is one direction of [Lurl8, Tag 05FY]. It remains to show

contractibility of the space of fillers. Writing f: © — y € C, by the equivalence

(OA™1)> ~ A™ we see that giving a filler of o is the same as giving a filler of the

boundary vy: JA™ 1 — C/, with y(m—1) = f. By the proof of [Lurl8) Tag 05ET],
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this is the same as solving the lifting problem given by a commutative square

aAnL—Q - (C/y>/f

| !

PN ar

Define (C/,)" to be the full subcategory of C/, spanned by the objects g € C/,
for which there is a map g — f. Since f is a monomorphism, it is subterminal in
C,, by [Lurl8, Tag 05EZ] and terminal in (C/,)" by [Lurl8, Tag 06R3]. By the
same proposition, the map (C/,),;; — (C/,)" is a trivial Kan fibration (and even
an equivalence). Now notice that each vertex of 0A™ =2 — (Cry)/pisamap g — f
in (C),)’, so that solving our lifting problem is the same as solving that given by
the commutative square

OA™ 2 —— (Cyy) )y

| !

A2 (C/y)l
But [Lurl8| [Tag 0070] implies that the space of such lifts is contractible. [l

Proposition 5.7. Let F': C — D be a functor of co-categories. Suppose that
for each object C' € C we have an assignment G(C) € D and a monomorphism
G(C) < F(C). Suppose furthermore that for each map C — C' € C, we have a
commutative square

G(C) — G(C")

| l

F(C) —— F(C")

inD. Then the assignment given by G extends to a functor G: C — D and a natural
transformation G — F, uniquely up to contractible choice.

Proof. Tt will suffice to produce, for any o: A® — C, a prism A" x A — D,
restricting to Fi(o) on Al x {1} and to G(C) for each vertex C of o, uniquely up
to contractible choice.

Let

Cyl(n) == (0A" x AY) [ (A" x{o})
OA™ x{1}

be the pushout-product of {1} < Al and 9A™ — A". Let Cyl(1) — D be a
cylinder whose bottom face Al — D is a map F(C) — F(C’) and the top face
OA! — D is the pair G(C),G(C"). Then the hypotheses of the proposition give a
filler A x A' — D. We will proceed by induction. Fix n > 1 and suppose we have
prisms A"~1 x Al — D for any o: A"~! — C. Then for any 7: A" — C we obtain
a cylinder Cyl(n) — D from the prisms obtained from the ((n — 1)-dimensional)
faces of 7. By [Lurl8| Tag 00TH]|, there is a chain of simplicial subsets

Cyl(n) = X(0) c X(1) C---C X(n) C X(n+1):= A" x A',
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and for 0 < ¢ < n, the inclusion map X (i) < X (i + 1) fits into a pushout diagram

Agff — X (%)

| !

AL X (i +1).

Thus, it suffices to give fillers of the horn inclusions A?j‘ll — A" These exist
and are unique up to contractible space of choices for i < n, because D is an oo-
category. For i = n, the proof of |[Lurl8l Tag 00TH| gives that the last edge of
At? — D is the monomorphism G(7(n)) < F(r(n)), so that, since n + 1 > 3,
by Proposition [5.6| we also get a contractible space of choices of fillers for the outer

horn. O

Construction 5.8. The oo-category Shv(Man) is an oo-topos. Viewed as a
monoidal co-category with its cartesian product X, it thus admits an enrichment
in itself by Remark We will denote the resulting Shv(Man)*-enriched oo-
category by Shv(Man)™. Let S = Shv(Man)™ be the core groupoid of Shv(Man).
We denote the categorical algebra corresponding to Shv(Man)* by

M: AP — Shv(Man)*.

Remark 5.9. The algebra M assigns to every sequence (Xp, X1,...,Xn_1,X,) €
S"*1 the tuple of mapping stacks

(Map(Xo, X1), ..., Map(X,—1, Xn)).
Proposition 5.10. Let (Xp, X1,..., X1, X,) € A be a sequence of stacks.
There is a monomorphism
(Emb(Xy, X1), ..., Emb(X,_1,X,)) — (Map(Xp, X1), ..., Map(Xn_1, X))
in Shv(Man)*.

Proof. This follows directly from the fact that each Emb(X;, X;11) < Map(X;, X;11)
is a monomorphism in Shv(Man) and that (Shv(Man)*)q,; ~ Shv(Man)". O

Remark 5.11. The embedding substacks are well behaved with respect to the
Cartesian symmetric monoidal structure on Shv(Man). For any stacks X', Y, Z, we
have a commutative square

Emb(X,Y) x Emb(Y, Z) —— Emb(X, Z)

[ l

Map(X,)Y) x Map(), Z) —— Map(X, 2),

where the downward maps are monomorphisms. Commutativity follows from the
fact that for any manifold T and any fiberwise open substacks f: X x T'— ) and
g:Y xT — Z, any composition

xxr Yoy 9z

is again a fiberwise open substack. We have similar diagrams for the unit and
projections. More generally, let S = (Shv(Man))™ and consider a map
f:(n], (Xo,..., Xn)) = (Im], (Yo,....Yim)) € AY
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over ¢: [m] — [n] in A. We can factor this map via a coCartesian lift of ¢:
([n], (Xo,..., X0n)) = (Im], (Xg(0)5 - - - » Xpm))) = ([m], Yo, ..., Yim))-

For the first factor, we obtain a commutative square

(Emb(Xo, )(1)7 . ,Emb(Xn_l, Xn)) d (Emb(X¢(O)7 X¢(1)), . ,Emb(Xd,(m,l), X¢(m)))

[ [

(Map(Xo, )(1)7 . ,Map(Xn_l, Xn)) - (Map(X¢(O), X¢(1)), ey Map(Xd,(m,l), X¢(m)))

by the argument above and the fact that Shv(Man)* — A°P is a coCartesian
fibration. For the second factor, we get a map

(Map(Xd)(O), X¢(1)), . ,Map(XMm,l), X¢(m))) — (Map(}/o, Yl), . ,Map(Ym_l, Ym))

induced by equivalences Xy(;) — Y;, which thus also restricts to a map of products
of embedding stacks. Choosing a composition, we obtain a commutative diagram

(Emb(Xo, Xl), e 7EIIlb()(n_l7 Xn)) e (Emb(Yo, Y1)7 - ,Emb(Ym_l, Ym))

[ [

(Map(Xo, X1), ..., Map(Xy—1,Xp)) —— (Map(Yo, Y1), ..., Map(Yp—1,¥m))
in Shv(Man)* for every map f.

Construction 5.12. We now use the description given in Remark to enrich
Shv(Man) in embedding stacks. We assign to every sequence (Xp, X1, ..., X1, )
the tuple

(Emb(Xy, X1),...,Emb(X,_1, X,)).
After Remark we can apply Proposition to yield a categorical algebra
E: A — Shv(Man)* and a natural transformation £ — M.

Proposition 5.13. The natural transformation E — M is a monomorphism in
Alg,.. (Shv(Man)*).

Proof. We write V = Shv(Man). We will check that the diagonal map E —
FE x s F is an equivalence. We will do so by passing to graphs: the forgetful functor
U: Alg., (V) — Graph (V) preserves limits by Remark so we can just check
that U(E) — U(E) xy(u) U(E) is an equivalence. By Corollary we can
compute the pullback of graphs U(E) xyanU(E) in the fiber Fun(S2,V). Here S is
the core of V. For any (s1,s2) € V, we see that U(E)(s1, s2) = Emb(s1, s2) and that
U(M)(s1,82) = Map(s1, s2). Since Emb(s1, s2) — Map(sy, s2) is a monomorphism
in V, the result follows. O

Corollary 5.14. The categorical algebra E: AY — Shv(Man)* is complete, and
thus presents a Shv(Man)-enriched oo-category which we denote by Shv(Man)¥.

Proof. By [GHI15l Corollary 5.2.10], E' is complete iff the natural map (wE — 11 F
is an equivalence of spaces. We have a commutative square

b — 1 FE

l |

oM — 11 M.
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The bottom horizontal map is an equivalence because M is complete. The left
downward map is an equivalence by construction: the underlying space of both
categorical algebras is the core of Shv(Man). The right downward map is by
definition Map(E*, E) — Map(E!, M), which is a monomorphism of spaces because
FE — M is a monomorphism of categorical algebras. Thus the top horizontal map
is an equivalence. O

Proposition 5.15. Restricting to the full subcategory of n-orbifolds gives a functor
Orb” — Orb? of Shv(Man)-enriched co-categories. Similarly, restricting to
n-manifolds gives a functor Manf — Manﬁlw, These functors assemble into a

commutative diagram of enriched co-categories:

Man? ——— Man?!

| |

Orb? — 5 OrbY

| |

Shv(Man)?” —— Shv(Man)™,

in which the downward functors are fully faithful. Lastly, restricting to orbifold
disks gives a commutative diagram

ODisk? —— ODisk

| !

Orb? — OrbY
in which the downward maps are fully faithful.

5.3. Change of enrichment along the shape of a stack. The goal of this sec-
tion is to produce honest co-categories from our categories enriched in Shv(Man).
Using that oo-categories enriched in spaces are just oo-categories ([GHIL5, Theorem
5.4.6]), it will suffice to produce a symmetric monoidal functor Shv(Man) — S that
we can use to change the enrichment. There is, of course, a geometric morphism
(A 4T): Shv(Man) — S which sends a sheaf to its space of global sections. But
this does not keep much of the structure of the embedding stacks Emb(X’,)). For
example, for manifolds X and Y, the space of global sections I' Emb(X,Y) is just
the discrete space of open embeddings from X to Y. We would like to keep the T-
fiberwise open embeddings X x T' — Y, which we can think of as T-parameterised
isotopies. To achieve this, we will use a shape functor I, : Shv(Man) — &, which
we will think of as producing the homotopy type of a stack.

Definition 5.16. Let (A 4 I'): Shv(Man) — 8 be the unique geometric mor-
phism of co-toposes given by the functor A: & — Shv(Man) sending a space to
the locally constant stack at that space, and by the functor I': Shv(Man) — S
sending a stack to its global sections: T'(X) := X (x).

Definition 5.17. A geometric morphism (f* - f.): &€ — F of co-toposes is called
an essential geometric morphism if the inverse image functor f* has a left adjoint
f[: E— F.
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Proposition 5.18 ([Clo23| Corollary 6.1.4]). The geometric morphism
(A-T): Shv(Man) — S
is essential. We denote the left adjoint to A by l: Shv(Man) — 8 and call it
the shape functor.
Proposition 5.19 ([Clo23| Corollary 6.1.6]). The shape functor
Il : Shv(Man) — &
preserves finite products.

Definition 5.20. Let A2, : A — Man be the cosimplicial object of extended stan-
dard simplices given by

[n] — {(z0,...,2,) € R"T| inzl}gR”,

with co-degeneracy maps given by addition of consecutive variables, and co-face
maps given by insertion of zeros.

Definition 5.21. For a stack X € Shv(Man), we let X, denote the simplicial
space defined by

[n] = X(AL)-
Proposition 5.22 ([Clo23|, Proposition 6.2.2]). The functor Shv(Man) — S de-
fined by

X — cglgm X

is equivalent to the shape functor Iy, : Shv(Man) — 8.

Remark 5.23. Since AY_is the point, Proposition gives a natural transfor-
mation I' = II,, from the global sections functor to the shape functor.

Remark 5.24. Viewing each X' (AL ) as a Kan complex, the simplicial space X,
can be viewed as a bisimplicial set

Xya: A% 5 A% s sSet

defined by the assignment ([n], [m]) — X (AL )m. Its diagonal is the simplicial set
diag(Xe e) given by precomposition with (id,id): AP — A°P x A°P. Tt is folklore
that the diagonal of X,  models colimaor X, as a simplicial set, see for example
[Dug08| Example 21.5].

Remark 5.25. Let X and Y be smooth manifolds. In [AFT17, Definition 4.1.2],
Ayala, Francis and Tanaka construct a simplicial set Snglr(X,Y"), which after un-
raveling the definitions, we see is given by the assignment

[n] = Emb(X,Y)(AZ),

where each discrete space Emb(X,Y)(AZ) is viewed as a set. In [AFT17, Lemma
4.1.4] this simplicial set is shown to be a Kan complexﬁ In particular, we see that
we have an equivalence Il Emb(X,Y) ~ Snglr(X,Y).

4[AFT17] develops this in the generality of stratified manifolds; we are only concerned with
the special case of smooth manifolds.
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Proposition 5.26. The functors T', I, : Shv(Man) = 8 determine two change
of enrichment functors

I, (), : CatShvMan) — Cag .
The natural transformation I’ = Il induces a natural transformation T, = (s )4

Proof. The functors I' and Il are symmetric monoidal, so by Proposition [3.32]
they determine functors

I., (), : CatShviMan) — Cats |

By |GH15, Theorem 5.4.6], the co-category of S-enriched oco-categories Cat‘os<> is
equivalent to the co-category of co-categories Cat . O

The following proposition follows from the fact that the global sections functor
I sends a mapping stack Map(X,)) to the mapping space of X', in Shv(Man).

Proposition 5.27. The change of enrichment functor I, applied to Manf, ODiskf,
Orb%, and Shv(Man)® recovers the subcategories Man?®, ODisk’, Orb%®, and

Shv(Man)°® whose objects are those of Man,,, ODisk,, Orb,,, and Shv(Man),
respectively, and whose morphisms are open substacks.

Definition 5.28. We define the oco-categories Man,,, ODisk,,, Orb,, and St to
be those obtained by applying the change of enrichment functor (Il )., defined in
Proposition to the Shv(Man)-enriched co-categories Man”, ODisk”, Orb”,
and Shv(Man)”, respectively.

Corollary 5.29 (of Proposition [5.26)). The natural transformation T, = (Ilx).
yields a diagram of oco-categories

Man)® —— Orb;,° —— Shv(Man)°®

n

| | |

Man,, Orb,, St

for which the horizontal arrows are fully faithful. Considering the inclusion of

orbifold disks ODiskE — Orbf, we similarly obtain a commutative square

ODisk? —— Orb%

| |

ODisk,, —— Orb,,
for which the horizontal arrows are fully faithful.

Proof. Commutativity follows from I', = (Il ). being a natural transformation.
The horizontal maps are fully faithful because they are fully faithful before change
of enrichment by Proposition and because fully faithful maps are preserved by
change of enrichment, by [GHI5, Lemma 5.7.5]. O

In Theorem we will use the following lemma to prove that factorization
homology is well defined.
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Lemma 5.30. Let D = U;cr[R™/G;] be a finite disjoint union of orbifold disks and
let M, N € Orb,, be n-orbifolds. Given a subset J of I, write Dy = Uj¢c ;[R"/G]
for the corresponding open suborbifold of D. We have a decomposition

NIapOrb71 (DvM l—IN) =~ H NIapOrb71 (DIUM) X MapOrbn (D127N)'
LUuly=I

Proof. Recall that mapping spaces between orbifolds come from embedding stacks
Mapp,p, (D, MUN) := Il Emb(D, M UN),

and that the shape functor II,, commutes with colimits and finite products. In
particular, by Proposition it will suffice to show that we have a decomposition
at the level of embeddings

(1) Emb(D,MUN)(AL)~ [] Emb(Dr, M)(AL) x Emb(Dy,, N)(AL)

ILul,=I
for each [k] € A°P, for then

colim Emb(D, M LUN)(AF)

(K€ Ao
~ H colim Emb(Dy,, M)(A¥ ) x colim Emb(Dy,, N)(AF,),
N UTp=1 [k]eAor [k]eAop

as needed. The equivalence in (1) will follow from showing that in the special case
D = [R"/G], any map D x A¥ — M UN factors via one of M — M UN or
N — MUN. This is a standard fact about stacks, which we spell out. Consider
the pullback squares

Pai = (R™ x AE) X (M) —— Dag = (D x AL X puw M ——— M

l ! |

R x AE DxAk — MUN,

where R" x Ak — D x Ak is an atlas. Since the inclusion M — MUA is an open
and closed substack, the map of manifolds Pyy — R™ x A¥_is an open and closed
embedding. In particular, Py is either all of R™ x A¥_or it is empty. Without loss
of generality, assume it is empty (then Py is all of R® x A ). Then ) — D4 is
an atlas, and this implies D, is empty. Since, by universality of colimits, we have
the decomposition D x A¥ =~ Dy I Dy, we are done. O

Definition 5.31. Let the co-category Disk,, be the full subcategory of Shv(Man)
whose objects are finite disjoint unions of n-dimensional Euclidean spaces. Applying
the constructions of this section to Disk,, — Man, we obtain the full subcategories
Disk,® — Man;® — Orb;° and Disk,, — Man, — Orb,, together with the
functors Disk?® — Disk,, and Man,° — Man,,.

Remark 5.32. By Remark our definition of the oco-categories Disk, —
Man,, is equivalent to the definition given in [AFTI17, Convention 4.1.5] when
restricted from stratified spaces to smooth manifolds.
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5.4. Disks over the closed interval.
Definition 5.33. Let Man? be the category of smooth manifolds with boundary.

Remark 5.34. There is a fully faithful inclusion Man < Man? which induces a
restriction functor Shv(Man?) — Shv(Man).

Definition 5.35. Since the topology of open covers on smooth manifolds with
boundary is subcanonical, we view the closed interval I and the half-open endpoints
[—1,1) and (—1,1] as stacks on smooth manifolds via the composition

Man? — Shv(Man?) — Shv(Man).

Remark 5.36. An open embedding U — [ in Man? becomes an open substack
in Shv(Man). Indeed, for any M € Man and a map M — I € Shv(Man) from
a manifold M, the pullback U x; M — M is a map in Man® because the compo-
sition Man? — Shv(Man) preserves limits, and pullbacks of open embeddings of
manifolds with boundary are open embeddings.

Definition 5.37. Let Disk‘l9 be the full co-subcategory of Man? spanned by finite
disjoint unions of the disks [—-1,1), R and (—1,1].

We let Disk?°® be the oo-subcategory with the same objects and maps the
open embeddings, this corresponds to [AFT16l Definition 2.2]. We let Disk? be
the oo-category of disks as defined in [AFT16l Notation 2.8]. The construction is
analogous to our construction of Disk,, in the case of manifolds with boundary:
the objects of Disk? are those of Diskj® and there is a functor of co-categories

Disk{** — Disk?.
6. SYMMETRIC MONOIDAL STRUCTURE VIA DISJOINT UNION

The goal of this section is to endow the co-category of n-orbifolds Orb,, with
a symmetric monoidal structure given by the disjoint union of Shv(Man). We
will construct these symmetric monoidal structures for the enriched categories con-
structed in Section [£.2]

Proposition 6.1. The cartesian symmetric monoidal structure on Shv(Man) in-
duces a cartesian symmetric monoidal structure on the co-category of Shv(Man)-
enriched oco-categories CatiﬁV(ManX Moreover, the change of enrichment functor

(o)« : Cat3vMan) _, Cat

upgrades to a lax symmetric monoidal functor with respect to the cartesian sym-
metric monoidal structures.

Proof. The first statement follows immediately from Corollary the second
from Proposition (I

6.1. Commutative algebra objects of stack-enriched categories. We will
show that coproducts in Shv(Man) can be used to yield a commutative algebra
object of Catgw(Ma“) when this co-category is endowed with the Cartesian sym-
metric monoidal structure (Corollary .

For this subsection, we fix an co-topos V, and we let CatfO be the subcategory
of Cat,, spanned by the oco-categories that admit finite coproducts and by the
functors that preserve finite coproducts.
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Proposition 6.2. The co-category Catfo admits a closed symmetric monoidal
structure (Cat®)® with respect to which the inclusion

CatX < Cat,,

1s lax symmetric monoidal, where Cat, has the usual Cartesian symmetric monoidal
structure.

Proof. By [Lurl Corollary 4.8.1.4] CatfO has a symmetric monoidal structure com-
patible with the inclusion and by [Lurl Remark 4.8.1.6] it is closed. O

Lemma 6.3. The inclusion Catf0 — Cat., preserves and creates products.

Intuitively, the tensor product C ® D of Catg can be described as follows: for
any £ € Cat’X | the maps C ® D — &£ correspond to the maps C x D — & that
preserve coproducts in both variables.

Definition 6.4 (J[GGN15| Definition 2.1]). An co-category C is preadditive if it is
pointed (admits a zero object), admits finite coproducts and finite products, and
the canonical morphism C; UCy — Cy x Cs is an equivalence for all objects C, Cy

in C.
Proposition 6.5. The co-category Catg is preadditive.

Proof. See the proof of [GGN15, Theorem 8.8]. O

The oo-topos V gives an associative algebra object of (Catfo)® via Cartesian
product, again by the proof of [GGNI5, Theorem 8.8]. We denote it by (V, x) €
Alg(CatX).

Proposition 6.6. The forgetful functor LMod(V’X)(Catfo) — CatX sending a
module to its underlying co-category preserves and creates finite products and co-
products. In particular, LMod(V,X)(Catfo) is preadditive, and thus the induced
Cartesian and coCartesian symmetric monoidal structures on LMod(V,X)(Catfo)
agree.

Proof. The forgetful functor U : LMod(vyx)(Catfo) — Catf<> preserves and creates
finite products by [Lur, Corollary 4.2.3.3]. Since the symmetric monoidal structure

of Catfo is closed, U also preserves and creates finite coproducts by [Lurl, Corollary
4.2.3.5]. (]

Corollary 6.7. There is an equivalence
LMod y x)(CatX) ~ CAlg(LMody x)(CatX)>),

where on the right-hand side the commutative algebra objects are with respect to the
Cartesian symmetric monoidal structure on LMod(V,X)(Catfo).

Proof. The Cartesian symmetric monoidal structure on LMod(V,X)(Catﬁ) agrees

with the coCartesian symmetric monoidal structure. Now the equivalence is that

of [Lurl Corollary 2.4.3.10], which is implemented by the map constructed in [Lurl

Example 2.4.3.5]. O
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Remark 6.8. By naturality of the construction in [Lurl Example 2.4.3.5], the
equivalence of Corollary sits in a commutative diagram

LMod(y,x)(CatZ) —— CAlg(LMody, ) (CatX))

J/U lCAlg(U)

CatX — CAlg(CatX).

Corollary 6.9. The map LMod(V7X)(Cat§o) — LMody, «)(Cat) preserves prod-
ucts, and is thus a symmetric monoidal functor with respect to the Cartesian sym-
metric monoidal structures.

Combining the last two corollaries yields a commutative diagram

LMod y x)(CatZ) —— CAlg(LMod(y x)(Catus)*)

! |

CatX CAlg(Caty).

On the top left-hand side, the algebra (V, x) gives V as a left module over itself.
The bottom horizontal arrow, induced by the preadditivity of Catg, sends V to
the commutative algebra object (V,U) € CAlg(Caty).

Specialising to the co-topos V = Shv(Man), we obtain the following corollary.

Corollary 6.10. The functor Shv(Man)": Fin, — Cat., lifts along the forgetful
functor

LModghy(Man)* (Cat) — Cato,

to yield a commutative diagram

LMOdShv(Man) X (Catoo)

o -7 l

Fin, Shv(Man)" Catoo’
where ® sends coproducts to products and thus gives a commutative algebra object
of LMod(shy(Man)) (Catoo).

Corollary 6.11. The Shv(Man)-enriched oo-category Shv(Man)M gives a com-
mutative algebra object of (Cat3YMan))x “yyith the tensor product functor induced
from disjoint union of stacks.

Proof. Apply Corollary to the commutative algebra object obtained in Corol-
lary O

6.2. Symmetric monoidal structure on orbifolds. We now restrict the sym-
metric monoidal structure on Shv(Man) induced by coproducts to a symmetric
monoidal structure on Shv(Man)® and use this to produce a symmetric monoidal
structure on Orb,,.

Remark 6.12. Embedding stacks are well behaved with respect to disjoint union
in Shv(Man). Specifically, given any stacks Xg, X1, Yp, Y1, we have a pullback
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square

Emb(Xo, Yy) x Emb(X1,Y;) —— Emb(X, U X1, Y, UY))

[ [

Map(Xo, Yp) x Map(X1, Y1) <= Map(Xo U X1, Yy UY?).
Note that all the arrows in this pullback square are monomorphisms in Shv(Man).

Remark 6.13. Consider the functor U: M x M — M obtained from Corollary[6.11]
We have a monomorphism £ — M by Proposition [5.13] and thus a monomorphism
on products F x E — M x M. We would like to show that this functor restricts to
a functor U: E x E — F along the monomorphisms such that the diagram

ExE --*% E

[ [

MxM—= M
commutes. Consider the pullback P = (E x E) X E of E < M along
ExE— MxM = M.

Providing a lift Ex E — M x M is the same as providing a section of the projection
p: P — E x E. This is in turn the same as showing that p is an equivalence,
because p is a monomorphism. Write ¥ = Shv(Man) and S for the core groupoid of
Shv(Man). Since the forgetful functor U: Alg_,. (V) — Graph (V) is conservative
on fibers, we need to show that U(p) is an equivalence in the pullback square

U(p) U(E)

v |

U(B) x U(E) — U(M) x U(M) 5= U(M).

We unpack the definitions. The map U(E) x U(E) — U(M) x U(M) is the natural
transformation between functors

Emb(—, —) x Emb(—, =), Map(—, —) x Map(—, —): (S x ) =2V

given by the substack inclusions. The map U(M) x U(M) o, U(M) is the
transformation from Map(—, —) x Map(—, —) to the composite functor

(S x8)2 5 5 x g M)y,

Here F: (S x S)?2 — S x S is defined by the assignment
(s,t), (s, t") —~ (sU s, tUT).
By Corollary it will suffice to show that the objectwise maps
P((s,t),(s',t)) = U(E)(s,t) x U(E)(s',t)
are equivalences. By Remark functor U(p): (S x S)? — V is computed by the
assignment

(Sat)v (Sl,t/) = (U(E)(Sat) X U(E)(S/,t/)) XU (M) (sUs’ tLit") U(E)(S U S/,t th/).
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Expanding out notation, this objectwise pullback is
(Emb(s7 t) X Emb(s/, t/)) XMap(s,t)XMap(s’,t/) Emb(s (] S/7 tU t/)

We now see that the projection to Emb(s,¢) x Emb(s’,t) is an equivalence by

Remark [6.12]

Proposition 6.14. The symmetric monoidal structure on M given by disjoint
union in Shv(Man) restricts along E — M to a commutative algebra object of
(CatShvMan)yxith underlying object E.

Proof. Denote by M": Fin, — Cati};v(Ma“) the functor corresponding to the sym-
metric monoidal structure on M given by disjoint union. For any map «a: (n) —
(m) € Fin,, the argument given in Remark generalises to restrict the map
MY(a): M™ — M™ to a map E™ — E™. Now apply Proposition a

Proposition 6.15. Disjoint union determines symmetric monoidal structures on
Man,,, ODisk,,, Orb,, and St compatible with the inclusions.

Proof. This follows immediately from Proposition applied to the symmetric
monoidal Shv(Man)-enriched oo-category obtained in Proposition O

Remark 6.16. The empty stack (} is the monoidal unit in each of the symmetric
monoidal co-categories of Proposition and it is initial in each.

Definition 6.17. By [AFT16], Notation 1.21], the inclusion of symmetric monoidal
categories ODisk,, — Orb,, makes the slice category ODisk,, ,( into an co-operad
for any orbifold M. We will denote this co-operad by (ODisk,,/r4)®. Informally,
we can describe this oo-operad as having objects of ODisk,, /¢, and operations
(yi — )ier — (2 = ) given by a map U;y; — = and a map (L;y; — x) — (2 — )
in the slice (c.f. [KSW25, Example A.4.6]). Similarly, the inclusion ODisk;" —
Orb;° makes the slice category ODisk) ,, into an oo-operad (ODisk; ,()®. We

n
oe

also have oo-operads (Orb,,/ ()% and (Orbj ) %.

Remark 6.18. Again by [AFT16l Notation 1.21], the functors ODisk,* — ODisk,,
and Orb?® — Orb,, induce maps of co-operads

(XD 0,)® = (Orb, ) ® and (ODiskZ 1) — (ODisk, ).

Similarly, the four forgetful maps of the form O,y — O upgrade to maps of oo-
operads.

Remark 6.19. In the case of disks over the closed interval defined in Defini-
tion by [AFT16, Notation 1.21] we also have oco-operads (Disk?ﬁe)® and
(Disky / 1)%.

Remark 6.20. [AFT106, Proposition 2.22] says that the co-operad (Disk?/l)‘g’
arises as an oo-operadic localization of the oc-operad (Diskfﬁe)@’ at the maps
(U1 —(V<=1Ie Disk?}of that become equivalences in Disk‘?/ ; (these are

referred to as isotopy equivalences). In particular, for each symmetric monoidal
oo-category V, restriction defines a fully faithful functor

AlgDiSk?/I (V) - AlgDiskfﬁe (V)
35



whose image consists of those Disk?}‘}e algebras that carry isotopy equivalences to

equivalences in V.

There is, however, a gap in the proof given in [AFT16]. This is addressed in
[KSW25, Theorem 5.2.3] for smooth conical manifolds and in [Ara26] Theorem
A 1] for smooth manifolds.

7. FACTORIZATION HOMOLOGY OF ORBIFOLDS

For this section, we fix a symmetric monoidal co-category V¥. We now have
enough background to define factorization homology for orbifolds and view it as
a left Kan extension. The main result of this section is that given an algebra
A: ODisk,, — V®, we obtain a functor

/ A: Orb,, — V®

that is symmetric monoidal.

Definition 7.1. The oo-category of ODisk,-algebras in V®
Algopigk, (V) = Fun®(ODisk,,, V¥)
is the oco-category of symmetric monoidal functors.
Definition 7.2. Let X € Orb,, be an n-orbifold. Let A: ODiskﬁ — V% be an

ODisk,-algebra in V®. Factorization homology (of X with coefficients in A) is an
object of V given by the expression

/ A := colim(ODisk,,,x — ODisk, = V),
X

provided this colimit exists.

Remark 7.3. It follows immediately from Remark that Definition spe-
cialises to the factorization homology of smooth manifolds given in [AFT16, Theo-
rem 2.15].

Definition 7.4 ([AF15] Definition 3.4]). A symmetric monoidal co-category V® is
®-presentable if it satisfies the following conditions.

e V¥ is presentable: with respect to an understood fixed uncountable car-
dinal, ¥V admits colimits and every object is a filtered colimit of compact
objects.

e The monoidal structure distributes over small colimits: for each object
V € V, the functor V® —: V — V carries colimit diagrams to colimit
diagrams.

Suppose V® is ®-presentable and consider the symmetric monoidal functor
v: ODisk,, — Orb,,.

Remark 7.5. The precomposition functor ¢*: Fun(Orb,,,V) — Fun(ODisk,, V)
has a left adjoint
v : Fun(ODisky, V) — Fun(Orb,, V)

defined by left Kan extension along ¢. For an algebra A € Algypig, (V®), we have

WA(X) ~ / A € Fun(Orb,,, V).
X
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Theorem 7.6. Suppose V¥ is ®@-presentable. The adjunction v - * restricts to
an adjunction between symmetric monoidal categories

no

W2 Algopisk, (VE) = Fun®(Orb,,, V)1 1"

Proof. The result will follow from [AFT16, Lemma 2.16] once we show that for any
n-orbifolds M, N, the functor

F: ODisk,, )\ x ODisk,, xr — ODisk,, pun
is cofinal; and that the functor

G: ODisk — ODisk,, /10,

n/1oDisky,

is cofinal. The functor G is an equivalence; the units are both the empty manifold.
We think the functor F' is also an equivalence, but we will only prove cofinality
here. We fix notation Oy = ODisk,, p, On = ODisk,, n, and Opun =
ODisk,,pmun- It will suffice to show that given any (d: D - M UN) € Opun,
the oco-category

C:= (Om X On) X0 pin (Ormun)ay

is weakly contractible. The classifying space of C' can be expressed as the colimit

<C) (f:O(E/\l/gleoMy apOMuN(d7 (fvg))

(g: O'=N)EON
Consider now the fiber sequence of mapping spaces

(f,9)o—
Mapo, ., (4, F(f,9)) = Mapopig, (D, 0 U 0" DR, Mapo,,, (D, MUN),

where the fiber is taken at d € Mape,y, (D, MUN). Write D = U;e;[R"/G;]. By
Lemma [5.30, we can decompose mapping spaces in the second map, yielding

H11u12 Mapopisk,, (Dr,,0) x Mapopisk,, (Dr,,0’)

|

th_llz Mapoy,, (D1, M) x Map@rb,L(DIz?N)'
The homotopy fiber of d will thus be

Mapo,,.. (4 F(f,9)) = Mape,, (D1, 2 M,0 L M)xMapy,, (D1, 25 N, 0" L N),

for some decomposition Iy U Is = I. Therefore the colimit expression for the
classifying space becomes
B(C) ~ li li M di, f) x M ds,
O . MWBeor (5: 5B, Mo 12 F) X Mapo, (d2, )
~ B((Om)a, /) X B((ON)as)-

But both (Oaq) 4,/ and (Onr)4,, have initial objects and thus contractible classifying
spaces. [
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8. EXCISION

Definition 8.1. A map f: M — I in Shv(Man) from an orbifold M to the closed
interval I is a collar-gluing of M if its restriction along (—1,1) — I is isomorphic
to the projection (—1,1) x My — (—1,1) for some orbifold M.

The following construction and proposition are counterparts to [AFT16, Lemma
2.24].

Construction 8.2. Let f: M — I be a collar-gluing with M an n-orbifold. We
will define a functor of co-operads

F7 (Disk?)® = (Orbl))® — (Orby ).

The second functor is described in Remark We claim that for any finite
disjoint union of disks U < I, the pullback (U x; M — M) € Shv(Man) is
an open substack. Indeed, for any map 7' — M from a manifold T, the pullback
(U x1 M) x (T is just U x; T, and since the functor Man® — Shv(Man) preserves
limits, this is just the pullback in Mana, which exists because U — [ is an open
embedding. The assignment

U—->10w—Ux; M—=> M)

thus gives a functor Disk?}‘}e — Orbff/ am of oco-categories, which upgrades via
Remark to one on the operads, giving the first functor.

Proposition 8.3. In the setup of Construction the co-operad map f~1 extends
to a functor of co-operads f~1: (Disk?/1)® — (Orb, )%

Proof. By Remark it will suffice to show that maps (U — I) — (V — I)
in Disk?}oje that become equivalences in Disk‘la/ ; also become equivalences under
f~t. We will refer to these maps as isotopy equivalences. Since f: M — I is
trivial over the open interval, it is clear that isotopy equivalences of open disks
will become equivalences under f~1. It will thus suffice to show that if [-1,a) and
[—1,b) are half disks and a < b, then the inclusion [—1,a) < [—1,b) over I becomes
an equivalence after applying f~!. Pick an isotopy

H:[-1,1)x AL, =T

from [—1,a) < I to [-1,b) < I. We can choose H such that for small enough
—1 < ¢, the restriction H.: [~1,¢) x AL — I is constantly the inclusion [—1,€) <
[—1,1]. Let My, := f~'[—1,1). Since M < M is an open substack, it will suffice
to produce a lift of H to a Al -fiberwise open substack

H : My, XAéX—>ML

implementing an isotopy between the open substacks f~![—1,a) < My and f~[—1,b) <
My.

To this end, consider My, . := f~![—1,€). By universality of colimits the square

Mo x (=1,¢) —— Mo x (—=1,1)

| l

Mp,e ——— My,

)
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is a pushout in Shv(Man), and thus so is the square
Mo x (=1,€) x AL, —— Mg x (=1,1) x AL,

l l

Mpex Ay ——— Mp x Al
The isotopy H|_1,1): (—1,1) x AL, — I lifts to an isotopy
H/lMOX(*lyl): MO X (-1, 1) X Aéx — ML,

given by the composition of the top horizontal arrows in the diagram of pullback
squares

Mo x (=1,1) x AL, —— Mg x (-1,1) —— M,
l Pr(-1,1) J/
(-1,1) x A, ——— (=1,1) —— [-1,1).
Furthermore, we can define an isotopy
Hijq,  Mpe % Al — Mg
as the top horizontal arrow in the diagram

Mpex AL, ——— My,
[—1,6) x AL, —— [-1,1),
which is a pullback because the bottom arrow is constantly the inclusion [—1,€) —
[-1,1). By the definition of a pushout, we can glue these isotopies to get a map
H': My X Aéx — Mp.

Again by universality of colimits, the square

1 H'
Mp x Ay, ——— My,

! |

[_171) X Aéx —i% [_171)
is a pullback, implying, since H is a Al -fiberwise open substack, that H' is. [

The following definition is the counterpart to the construction on topological
manifolds given in [AF15 Definition 3.20], that for stratified manifolds given in
[AFT17 Definition 8.3.2], and that given in [Horl9l Definition 5.1.1] and [Weel§|
Definition 4.20] for G-equivariant manifolds.

Definition 8.4. Let f: M — I be a collar-gluing of an n-orbifold M. We define

the oo-category ODisk as the limit of the diagram among oo-categories

ODisk,,/ m Ar(Orb, ) \m) Disk{ ),

OI‘bn/M Ol‘bn/M
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where Ar(Orb,, /() is the oo-category of functors [1] — Orb,, /.

The next proposition is the central technical ingredient in our proof of excision.
The corresponding result for smooth manifolds, given in the generality of stratified
spaces, is [AFT16, Lemma 2.27]. For G-equivariant factorization homology, this is
[Horl9l Lemma 5.2.7].

Proposition 8.5. Let f: M — I be a collar-gluing of an n-orbifold M. The
functor evg: ODisky — ODisk,,/rq is cofinal.

To prove Propositionﬁwe will need a model of the mapping spaces Mapp,, (U, M)
for U a disjoint union of orbifold disks. We will use a stack of germs inspired by a
construction in [Horl9, Section 3.8].

Definition 8.6. Let [R"/G] be an orbifold n-disk. Put a G-equivariant metric
on R", and define Bi(R") = {z € R" | ||z|| < t}. By Lemma the inclusion
B(R™) — R™ induces an open substack ¢;: [R"/G] — [R™/G], which we will think
of as an ‘open subdisk of radius t’.

Definition 8.7. Let U = L;[R"/G] be a finite disjoint union of orbifold n-disks,
and let M be an n-orbifold. The map

b U [R"/G) =24 LR /G

induces a map ¢;: Emb(U, M) — Emb(U, M). We define the stack Germ(U, M)
of U-germs of M to be the colimit of the diagram of stacks

1 1
Emb(U, M) — Emb(U, M) — Emb(U, M) — ...
indexed by N. We will denote the pointwise colimit taken in pre-stacks by Germ? (U, M).

Proposition 8.8. The map of stacks Emb(U, M) — Germ(U, M) induces an
equivalence of spaces

Moo Emb(U, M) — Tl, Germ(U, M)
between the shapes.

Proof. The map ¢; : LU;[R"/G] — L;[R"/G] € Orb, is equivalent to the iden-
tity idgn,q € Orb,, and the shape functor Il commutes with colimits, so
I, Germ(U, M) is a colimit of a diagram of equivalences. O

Proof of Proposition[8.5, The functor evy is a Cartesian fibration by [Lur08| Corol-
lary 2.4.7.12] and the fact that pullbacks of Cartesian fibrations are Cartesian. By
[Lur08, Lemma 4.1.3.2], we can therefore check cofinality by checking that for each
(U — M) € ODisk, r, for U = L;[R" /G, the fiber category evy U has con-
tractible classifying space.

Noting that evy ' U is the comma category (Disk?/ ¥/, we have an identification
of spaces

Blevg'U) ~ coli Ma U M, 7V — M).
( Vo ) (V_}I)elgilsk?“ p(’)rb,,L/M( f )

The mapping space in the slice is obtained from the homotopy fiber sequence

Mapoys,,, (U = M, [TV < M) = Mapoyy, (U, f~1V) = Mape,p, (U, M)
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for each orbifold disk embedding U — M. By universality of colimits, it will thus
suffice to show that the map from the colimit
colim  Mapo,y, (U, f~'V) = Mape,,, (U, M)
(V—=I)eDisk? " "

is an equivalence of spaces. By cofinality of the functor Disk?ﬁe — Disk?/ 1 (Re-

mark , we can index the colimit diagram by Disk?}ole.

By Proposition [8.8] and since I, preserves colimits, it will suffice to show that
the map out of the colimit

colim Germ(U, f~1V) — Germ(U, M)

(V—I)eDisk])5°

is an equivalence in Shv(Man). We make the following observations. Firstly, for
any VW — I ¢ Disk‘f}ole, we have an equivalence

Germ(U, f~V) X Germ (U,M) Germ(U, f W) ~ Germ(U, f~H(V N W)).
This follows from the equivalence
Emb(l/{, fﬁlv) X Emb (U, M) Emb(u7 fﬁlW) = Emb(u7 fﬁl(V N W)):

together with the fact that colimits are universal in spaces and that colimits of
stacks can be computed by taking colimits in prestacks and stackifying. Secondly,
we claim that the map

H Germ(U, f~1V) & Germ(U, M)

(V—I)eDisk( 5

is an effective epimorphism.

Proof that p is an effective epimorphism. By [LurO8, Proposition 7.2.1.14], it suf-
fices to check this on the O-truncated sheaves of sets. Since O-truncation com-
mutes with sheafification ([Lur08, Proposition 5.5.6.28]), and a local epimorphism
of presheaves yields an effective epimorphism of sheaves, it suffices to show that the
map of Set-valued presheaves

v reol [ Germ® (U, f71V)) = 7<o(Germ?™ U, M))

TSO
(Ve1I)

is a local epimorphism. Since truncation of presheaves is applied objectwise, this
means showing that for cach T' € Man and each section y € 7<o(Germ? (U, M)(T)),
there is an open cover {T;} of T and sections

z¢ € reo(J ] Germ™ (@, f71V)(13)
%
such that pP” (T3)(x¢) = y|r,. Pick a representative y: U x T — M. This
is really a representative of a representative: first choose a representative of the
equivalence class of y € mo(Germ? (U, M)(T)), and then choose a representative
y € Emb(U, M)(T) in the colimit; we denote all of these by y by abuse of notation.
Now define Wy := (U x T) xaq f~1V for each V < I. For U;R? x T — U x T
an atlas, define WN/V = Wy Xyxr (U;R™ x T). This is just an open of L;R™ x T
since it is a pullback of an open substack. For each ¢t € T', consider the set of zeros
{(0;,t) € U;R™ x T'}. The map of topological spaces L;R"™ x T" — I yields a finite
number of points in I, so we can choose a finite disjoint union of disks V; < I
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containing all of these points. In particular, Wy, will contain the zeros {(0;,¢)}.
For each i, pick a Gj-equivariant open embedding ¢;: R” — R™ and an open T}
such that (0;,2) € ¢i(R™) x T} C Wy,. Letting T, := N;T¢, we see that the open
(L; @4 (R™)) x Ty, C th contains the zeros {(0;,t)}. Since we chose the open embed-
dings ¢} to be G;-equivariant, we get an induced map L;[R"/G;] x Ty — M which
by construction factors into

L [R™/Gy] x Ty 25 f~1(V,) — M,

where z; € Germ”" (U, f~1V;)(T}). Now notice that the map L|;[R"/G;] x T; — M
is equivalent to y|r, € Germ? (U, M)(T}), so we have proven the claim. O

To conclude the proof of the proposition, note that equivalences in an co-topos
can be checked after pulling back along an effective epimorphism on the target.
Considering the pullback square

P w1y episio-ee Germ(U, f~1W)

| N

colim(vgl)eDisk?ﬁe Germ(U, f~'V) —————— Germ(U, M),

universality of colimits and our first claim give that

P~ H colim Germ(U, f~H(V N W)).

. d,0e
(wesnyepisk?yge (T DERIK

Denote by (Dlskl}OIe)Cw the subposet of disjoint unions of disks contained in W.

Since each V N W is a disjoint union of disks in I, we have an equivalence

colim Germ(U, f~H (VN W)) =~ colim Germ(U, f~1V).

(V—I)eDisk{)5* (V= I)e(Disk? )5 ) cw

Since W < I is final in (Disk?}(}e)cw, this colimit is simply Germ(U, f~1W),
implying that
P~ H Germ(U, f~'W),
(W—TI)eDisk?
concluding the proof of the proposition. O

Definition 8.9. Let f: M — [ be a collar-gluing of an n-orbifold M and let
A: ODisk,, — V® be a symmetric monoidal functor to a ®-presentable symmetric
monoidal co-category V¥. We will call the composite functor
- J_A
[+A: Disky,; — Orb, jpy — V
the pushforward of A along f.

The following proposition is the orbifold-counterpart to [AFT16, Theorem 2.25]
for stratified spaces, which is [AF15, Proposition 3.23] for topological manifolds.

Proposition 8.10. Let f: M — I be a collar-gluing of an n-orbifold M and let
A: ODisk,, — V® be a symmetric monoidal functor to a ®-presentable symmetric
monoidal co-category V®. There is an equivalence

colim(f,A: DlSkl/I —>(’)rbn/M —>V i/ A.
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Proof. The proof given for stratified spaces and in [AFT16, Theorem 2.25], also ex-
plained in the context of topological manifolds in [AF15, Proposition 3.23], applies
directly in our setting of orbifolds. For the reader’s convenience, we explain the
proof here. By definition, the colimit on the left hand side is the double colimit

colim(fyA) ~ colim colim A(U).
VeDisk‘?/, U€ODisk,, ;1

We claim we have an equivalence

colim colim A(U)~ colim A(U).
VeDisk?,, U€ODisk,, 1y, (V,U)eDisk;

To see why this is true, consider the left Kan extension

Disk; —° ODisk,/ — ODisk, —5 V

evy == -
\J{ ! -7 Lan

Disk?,;. ~

The map evy: Disky — Disk?/ 1 is a coCartesian fibration, so that for each V' €
Disk?/ 1, the functor

evi (V) — (Disky) v
is cofinal. Since we can therefore compute Lan(V') as the colimit over the fiber

evi 1 (V), we have

Lan(V) ~ colim A(U) ~ colim A(U)
Ucevi (V) UeODisk,, ,;—1y

Now by [Lur08, Proposition 4.3.3.7], the colimit of Lan agrees with the colimit of
the composite Disky — V. So we have equivalences

colim A(U)=~ colim Lan(V)=~ colim colim A(U),
(V,U)€Disks VeDisk? VeDisk?, UcODisk, -1y

as claimed. By Proposition the functor evg: Disk; — ODisk,, ¢ is cofinal,
and we thus have

colim A(U)=~ colim A(U)~ / A,
(V,U)€eDisky UeODisk,, ) am M

concluding the proof. O
Lemma 8.11. There is a functor A°P — Disk?/l which is cofinal. On objects, the
functor sends [n] € A to an embedding

[-1,0) UR"™ U (0,1] = [-1,1]
Proof. This is stated in the proof of [AFT16, Proposition 2.34]. O

Given a collar-gluing of an n-orbifold f: M — I and an algebra A: ODisk,, —
V¥ to a ®-presentable symmetric monoidal co-category V), the colimit of the com-
posite map

1 A
A% — Disk?,; L Orb,,, Ay

recovers factorization homology.
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Denote by M _ the suborbifold f~!([-1, 1)) and by M, the suborbifold f~*((—1,1]).
Writing out this simplicial object, we obtain

...;;/MA (%) /MUXRA (%) /M+A . /7A @ A

with [n] € A°P mapping to

/,A ® (/MOXRA)®n @ M+A.

%

Following [AFT16], Section 2] and [AF15, Section 3], we will call this simplicial
object a two-sided bar construction and its colimit

/ A Q) /M+A:/MA

- fMDX]R

a relative tensor product. We note that neither paper justifies that this object is a
relative tensor product in the sense of [Lur, 4.4.2].
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